.P\}i:A avoup Vot\'e{’a s & \/oﬂe,-‘a CT (:aagthc(‘
W/ marphisms
M:GXG—C, 7:6-—6, €:xe—mG (%)

which 50""8‘8 the normoﬂ, gfoup W:OYKOMS

L]

<!

DG = (R = ANV (e

. &9—8 - Aﬂ q-FFme VO(fC‘ly G 1S & 8f'oup \/oric:l'g
& R{6]

f.g9. Commttohive fedy ced Hope
oalgebro aver R

*The mops of (M) s induce MoPs of R-olgebros
m = ARIGY—R[6xG] = RL 61 B R[
¢ £ :ROGCT— Rr(d]

these 50*‘(’5 the duol Qroup oXiams
e* £ RIG1—R

* Note Ais Vcrd Cancrete

A(F) = ma(p) - f"m:‘-GXG——m—‘G __.ﬁ__)\?

(XI"&) ——s Xa \'——'—9{'()(5‘)



* An aﬁgebroic torus is o Voriety such thot T2 Gp some W

F Not +rue overa oenenl Field

¥ Necessily offine

PRETA2 REGRD 2 RO%,ee X2 L Otigm X'
TR, ..., xE]

\
' Laurent Ma\omiaﬁg "

e | .
emmo. ; ( REx, . %) = <ic:{x(“'..,.. Xn" | CeRY oma e7L7§

*Def .
=+ A chotacker of o 9 foup \/cne'\'y Gis o Morphism of "QB Q TouUp Vonehe

C”_ﬁq\’m

AN
T Note Gy = GLy(R)

30 a chowder = 1-dim represerolion

°Lemmo.: EV:.\‘B chatacter X : G G, is of the form

= Ml
K(ky e bn) = g g™ P some fixed (m, ... mo)e7”

ond every (m,.... my) oppesrs
n\ = 79
‘—‘omepVQ( CG-“‘,)G B 7L'
m
Eg_‘ A X core sponds Yo % RCE, 1 ——RUxE .. 481
aA R-oﬂa rnarQhisem . X® is determinéd \)9 %&(&), which

& M,
Mmust be o uait so X (t) =Cx, - %t CeR¥ ond My m, 7




,Psf..’ (Cont) we now show C=w1. Leb X'(e) < feR[c]
AR = £(o0) € x(oh) = ()% h)
=P £(oh) - () Fh)
FF6—R is o group ham.
A(F)=Ffaf
Retutning +a F:cam... xm

n% Since CeR* md A is R-oﬂae&mMop
A= A(exM.. ~xik+)

- CA(EM 2 = (xR @ xme )
Bur olso
Alea™-—am) = (eaM— ™) g (cam )

= (M — A A )

30C*=C ma C=1.

™
: o :
QOR: T¥ ¢ Cn — Gm s A group hamamorphism 4he,
N gl
£ b, b = 4 " T Qe
(u n) (E 2N TE‘ b,

Mareover

Homg, .\, (Tm, Gn ) = M () |

T

Mops of tori ore @ manomiol Mops .
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EE‘ Camgaing w/ the 1“4 projechion gwes o chotocter opphy prop,

|

’ D&f ‘let T be oy ollg- *arus its Chotocter Loblice [

%, , _
X*(T) = Homg_,., (T, 6)
B(\, Previous work |
+ X*(T) =3/ A Qotbice of rpnk n

twe 89’"@°M3 thinh of X¥ (1) w/ multiplicohon

*M; ™M = X*(—T) = Chorgcter otlice

=1 (‘e,acc Qor fupckaicon T "

* Whot we Sow ‘FO“ @-“

m

WREGR T = ROxE, - xt ]

1) HOmGer“ ((E'::. ,QJM\ E iLoarenE Mo'\omioné = Zn
=bH R[G,:] 4 R(_Lourcnf ”onamioQ-s_l s @ Rx™
: M e

o AL Peao&or funckions ote chofecters ¥ we hoe o direct sum dCComP.

G

F oY € e AR




'Qgﬁ: If Alisa F;a. o\btﬂtm&rowp its aroug oﬂgebro»
RLA= 6 rx*

aeA
o.—}b

where multiplicobon is X%ex® = X,

‘E”s_: A=7" they R[_?L“j tag hE"f,,.—_va-& with o'dc.comp.

oThm: Ledt T be o a-dim torus. Fix My ..mpe M be

® bosis For M,

O) Viewing m,,— m, o tegudor Funckeons

T (tumed, g

is i
on isq, of graup vaorieties.

@) Thes s ' (
< IS On 'Somophism of Hopf h-—odaebfor

RLM) —= 5 RET]
')C"‘ b m

¥ MoHa:

A tarus is tecovered from s Chotocter Lobice %

RLT1 = RCM1= @ ™

MM

QR (RLT1)™ = §ox™ |cek®, mem}

t ChOfOC‘l’ es ove In U&F{MC on +Hhe {'Ofu.t
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P g

X ~ 'S .
* Lel e, . en be khe stondod bosis For X(GR)=Z" cwheic

e(tr— ) = b

Since T iso Yorus, we moy £rx X T— Gp |, Pl boch

nduces on isa. O h['([;"‘\‘] — h[T]I which induces

%% X*(Ga) —=—x* (1) £ M

Define uy: (@*)™(m;) ¢ X*(6R). Since the mi ore

& bosis ond X* on isa =D Uj,ooo Up is © bogis For 7.0

ﬂwercﬁwe, there exists o CoB mohine A€ GLa(Z) tohia

0
€. €n to U,

“"“-u'\ )

410 —& g0
HE \\s
XER) —— X3(6w)

This J'VES o moncomiol outomorphis m

n M .
G -G

W/ the Propety Hot ,UA’“(e”

= W . Now Consider

I — @g°

&
g

G

we Clovn Hhis c\.ioarom Commutes
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Pe t(cont): Lt is €0ug h tochech o rings

RCTI 2~ rCoAl

o they gerdoted RL@a]]
(R, o) (e i) = o6 (M ()

‘O‘-u(ﬁlt) = my

This Haishes  the st pord,

FZM‘ “\t Second Pm-)»] me c‘;grch the mo

P is o homomorphism
of R-olgebros d,(tecf.ly,

A Siidor ogument shows +he bosis

tor M induces on isa
Rtxo*‘.-, X,.""] *N\_) Rlm]
Xi —

. — x™

But the. §* Lol —~ RLTT 15 olsa oniso by ()

So Composing 9ives the cloim.

L

*Def: A one - pofometer subgtoup of o torus T

i & 9fP- V. hom.

@mA—\T



o%{:: Tf T is a torus
X* (,T) = Homgpv« (GM,T)

we coll this the cochoocter Lobrice of T.

*w: N = x,&(“ﬂ = Cochoiocter foHice

[\Y

= paths /cuwe.si wheth widl Contiod Liontks”

"Lemmo - Homy (G, G2) = 7°

Bi‘“‘"s Follows from o descripton of tefi mops "

*QoR: N= X, (1)

—~— 1S 2 fonh n Lottice .

B

* For wueN write Au: for the Ccﬂesponc\i@ mp Au: Gm T,

*Fix meM

and ue N So we hove morphisms
" -
XEE" Gy p G py—T
the. Composition
@7'“ L i T 2 6—M

bt >

Must be of he ?‘cm\ EE—t> Ffor 0 ULnique oecl.
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.D@F “Fix on n-dim torus T ond M= X*(T) ond N=X*(T).
Define o ‘poi(lng

<137MXN —_ Z

By <m,wricael such thot Ao xule) = ¢
i.ﬁ., XMC%u(t)\ - t<m¢u>.

* Thm L/ T/ M N o 10 the obove definition. The
Polfing -, =y s perfech ® euivaleatly

N"HO"‘Z(M,"L) ¥ M2 Hom, (N, 2) |

AL E0m Me Ay, myeMEZt

Gp—2— g — 2 &
t — (tu., e {u,‘) e B “omy,
(koo ka) — G- — 4
D Aony =t——t 01
= <M,U>= std. innet produckh.
&’RC&MCQ ta {"\é Gm cose amd We exomple -



e Ydeo: Toric geametry hos two duol Lottices M 3N,

* Notice we hove Conshucted o mop
S 2
? tori § } fothcesy

T - > X*(T)

’ Le{' N be o lothce we wont o torus T”'
M.‘: H0m7z. (N(7L3
then B[M) is a {.9. reduced R-algebro- so there
IS Some Voitety , call it Ty s (. RLTn 1 = REML

NOteove,( Since RCMj? RC’C.’.,,,.XA*-& we WNaoow TN s o-"oM.S.

"Thit i Let N ond N' be LoMices. Tf @:N—->N' is o dotice
mop thea these 1§ o dotus homomorphism

oy > Ty

dwer on Coidinote ings by
fo R [Twd — RLMN)
«m' ) xqv(m‘)
where @V is +he induced mops on duod lottrces - M'— M

Moteoue, oll torus moPhismg oliive. Hhis wey .

Hom gy (Tt Tae) = Hom (N, NY)
= Hom (M M),
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‘Thm : Thece 1s on E,%U.WOQPACC, of Co‘('eaoﬂes

Lo\' Y Ef" ._rOi'k

%' Lot A LO‘!""B'C_}_—)R-o(g — bori

2
: E&.: Considc;r 7L C———‘—-‘]77L7“ this is o lo-l'l'lce mop
the dudd mop 1s 71-5 z 13 o by Th eoten

R[Tyg-] — R[T%]
"K, %, > +* E

.P“OP (SNF for Ton\ Let Y4:N—/ Nl be &« Mmop of LoHices
and 'F :N—>Ty  +he induced mop. Thele exists o besis

of N oand N sL.
tie ~foet e
e\ =
Q

else

whete @r=roan (4) ond <o up 4o outo moiphts™

‘FQ (":l,.-« “'-n\ = ('bld’ - {’;3‘, Eton ) £:\>

(l’t o ~{ré' \,______l)_

]
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¢ Cor: The tmoge of o torus hom. is o sub tori.
"
mottef
;Pf: Since R s 0-09 dosed  Hhe di-th powess dont

(g (Fq) = § (e Y € T | for - Ime1 §
a

"E\Zil Consider +he [lottice mo P

"Rl For ByTy—Te TFAE

\) {q IS suritchyue \ |)¥'€ C'QOSCC\’ cmbecﬁin&
2) eh (¥ = i N

2) (-Qv SUC]ccth
3) Coke (¥) Cinile

LA Qv in]echve,

3) ¢ injechive 3 @(N) € N' sotvrotee

./[ZS’E: Let L'c L be o sublottice inl Hhen L is Solvrated 1g

|}
L & mve]l' R myo +hon Vel!.




s Lemmo-- L' €L sotvroted da=b L[L' torsion fFree.

e

'K:LCQR)-. Fo the RHS immesionad di=| &D Ghe fosion free.

°LCmm0«: Let G be o aoffine C*.g(oup Vorie"cy' 1F X, - Xa

oce é'ls—[-\'(\c,’r chcjac{—gs G— Gn then X, Kp

OMe ﬁineuﬂa ind. (R o5 elemets of R[&1.

f,E : 3u‘>[aox na+, ond clnoosc o Minimod Iena-H,, \‘c@oq"fm

P-oi v~ o4x, c0  aiek”

PiCK 866‘ we get o new chorockes
QA G __L Gw\
Wb/ gL L— Y (awy

Y2 = (xie- - aex (oW
TAX[aN) = o Ryl 9h)

= GL\’X,‘(D)?({)\\ foeew==~ ¥ a fxt(a) xt(“) ao

Da X%, (-) - - - Ot'xt@)“k(") = Q@ (o5 o chocte)
S\.Q)‘\Tﬁcjﬂ'ra 2’,‘(3)(*) =0

(017‘1 (9) x, (-) r— XN X))— X (Y = o

02 (1) 2 ) 2t -y (e~ ) £ =0 e



« Tdeo: X s c:ae/mccfo(‘ $for trolsloHon bdg w/ el'@t’/l\/ofut 2:;(8)

* Dol : Let N be o Lothice with dusd M 5o RLTA1 = RCM)

NN

Let H CTn be o cﬁoscc\, 9 foup subdondg . Defire

bus et [ L0} Tae (oot en)

om:\/\/\“\ Notation oS OboVC. ¥ H STN ic O dtdased
9roup Subvorrc{-w Haen

l)]]:(H) =IH
2) R[-_H]E R%}/Iug R[M/LH']«

°.-><1I\l=7Z 2 x 1,0 oy
=X /A ‘R[@m]:l?[x,z*‘_( ?LJL(') g:’fé(”

FL=T7/ (1) 2"
L xt <

I’(eL> =<xm(l,0—l |m(—,7&> ;<yg-‘>
H = }(x,\ﬂ e@x)l ‘Xa:\-i Yocus

Rt“l = Gtx*ﬁ’&l z R[(x
(xy -1y

‘]

~1Yy~




“Ex : L=7(z0) < U*
INTRRE S
H = %.(Y(‘d)e(Bx)z |X1=)§

=S (e Y U TAN 3R] -p o™

m

Noh, L s not scturted os 7Z_Z/L = 7Z/Z7LC'P7Z.

O¢ (Z{O)GL bu'} 'Ll,o)d,[__ m‘i Z'CH‘))"(?IO)'
fj’;i The inclusion Ly €I(H) is cleor.

Tohe F=Zam’&"‘e'_[(l-¢) wts TeTn e FlH-:Q.
m

\

* Aside . S Uppose. f)d",'x,““e R{C{11 st X“\H=7cm\h

e PR I e

H='1 &> m-mel.

M
ﬂ\u.s, x|, Xm‘]H & Q(m‘"‘“

Le.'l' Cbe O.Sc)( of Co.sc"s Fd‘ M/L ond Por coc}\ M choc o rep.
Me S0 we wnle

F‘u= Z (z a"‘)ch

Ce meC

H

Mot
Sine< C ave dishHaet cosets ’X.me'-f X ¢ on H.

Aut vouw Flu =0 but xMe e )Qine-wﬁzy ind. ‘bﬁ lemm o

~ 15~



P{-‘:(conﬂz =D 7:11,“:0 for o Q,C'ﬁ.
7~

mecC

=D Z_a,xmc =Q an T

™m &¢C
V——~ m me m
=D Z O X "‘7_ OmX = z G X
mec mMeT mecC

© 7 om(an- 2

meC

=D F = Zi Gl (,Xm__XMC>

cee mec
We now wilt Show (a™-a"¢) € Ty for M ond Mec
in Some coset (else @ot insum). but mmceC

@DM‘MQ (-':L :‘) x_m_qmc: xﬂlc(xm_.mca D
L

n

Sao Fell(w) ' T,

The Stcmd doim follows form

kth/{’X."’-ll Lel> & A" s 2™ W tel

.COR i I‘F HeT S o Con nected g rovp SUbVG\lf'e{y = H iso +Ocu3.

Ef-..' SiOCC H QH Cmnccké ‘b \‘tfeéuc.ﬁle,
=b RCH] is o domoin

.gb REMI’-] 'y o éO/Y\O(’)

L Le™M o LoHice B




*Lemmor i T N'CN 55 0 sotucked sublothee
M
TN/TN‘ = TN/N‘

nduced .ba the noturold qoubicrt mep W N—> N/N.

® EX . B nH G«H
~° N e Ulm o ¥ g | o
ul (X /Adfm R A/ SN
NE=Z (18- AG.

e Gm.
[ discuss rep +theol I
*An oifpebcoic_ tortus is a gfoup 8 we Can CLSCuss rep Y

°Qﬂe~€ C A riprese\+0Hm of T is o gfoup hom.
y: T > GL (V)

Far o R-veclsr spoce V. @&D Tx\V —> V' Cx)

An oction s R@scb(m‘c & () s o M GIPhism

Foc me M the M-weight Spoce g

\/m : = ':i\le\/\ b-v= 2"y VeeT 3

‘Ei.: T: Gy, ‘ V = R?
E-(X,9) = (&x, ¢y
%\10)6\/1 (O,l)é\/z <|\l) q‘f Vm



Q—[h@: I¥f Txv—sV is o F.4. oﬂgebros‘c represetotion
OFf T +hep

V= ©® v,

meM

z(\_. evey rep M diogonolizoble

€-¢2 t

£2.

z 2

b1t t-¢t
Eﬁi FlY= [ = == ) Jrves o rep of Gm V& R
4

V=\,8V, V, = spon £ F+6%
VZ = SPm <F|~'Fz,>
*We con 3ene)oﬂizzc. the oboye Thm.

T =Ty M =X*(T)
Let X be on offine voiiety ond TxX 5 X o olge broc action
For notokion A=RIXQ.

o A — ,RCT?‘X]':': “EM‘}@QM

A‘“ :3 aeA l“B(OQ = 7(,‘“&0.9))




*Thm: With the set-up oy befoe
Az@ Aq

meM

Such thot ApAm < Amem 0nd AT =4, 1.
M“groéina on A

B T-T 2 a0

((‘h,-“ tn), (X, .o ¥A)) (elx‘l"” tnkn)

T X N\ o4 N 'A“

ROx,,.... xa] "_*'—9 RETI®, RCx— xa\

s

RE‘ué,.ﬁ bnéJQ R["\u—, Xﬂ

X b — £, ® x;
® Xie Ay which ROVI= RCM) xR(ZM
D deg (%) = € 2",

TEX: XaW(xy-zty et T 6
TxX —%— X Bty - 27
() Cig o) —s (ex, €'y, 2) = Xy -2% v’
R %327 o RIC'16 vlxyz7
{x9-7*> {xy-2>
X ———— t3Xx Z—>192.

P t7'ey
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“Ex:(eom) deg( =1, deg(y) = -1, deg(@) =0
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