Dartmouth College
Math 121: Commutative Algebra Spring 2026

WORKSHEET 7.2: INTEGRAL EXTENSION PT. 11

Throughout this course, “ring” means commutative ring with unity and all ring homomorphisms preserve
unity. In the previous worksheet we introduced integral elements and integral extensions. We saw that
integrality is the mechanism by which monic polynomial equations turn algebraic generation into module
generation. The goal of this worksheet is to see what integrality does to prime ideals and to use this to
make dimension computable for finitely generated algebras over a field.

Let ¢ : R — S be a ring map. Recall that ¢ induces a continuous map

#
Spec(S) —2— Spec(R),  q— &~ Xq).

The central question of the first half of this worksheet is: how much of Spec(R) is seen by Spec(S), and how
do chains of prime ideals compare? For integral extensions the answer is surprisingly rigid. Prime ideals
downstairs have primes upstairs, chains can be lifted upward, and no two comparable upstairs primes can
lie over the same downstairs prime. These facts are called Lying Over, Going Up, and Incomparability.
A complementary statement, Going Down, is more delicate: it is true for flat maps, and for integral
extensions of domains when the base is integrally closed.

In the second half of the worksheet we use these theorems to prove and apply Noether Normalization. The
slogan is that every finitely generated algebra over a field is finite over a polynomial ring. Thus, after a
finite map, an affine algebra behaves like affine space of some dimension. This is one of the main reasons
polynomial rings control dimension theory.

(1) A First Consequence for Maximal Ideals. Let ¢ : R — S be an integral ring map.

(a) Suppose S is a field and R is a domain. Prove that R is a field. Hint: If » #0 € R, then ¢(r)"1 €S
is integral over R; write a monic equation for ¢(r)~! and multiply by a suitable power of ¢(r).

(b) Suppose S is a domain and R is a field. Prove that S is a field.

(c) Let ¢ : R — S be an integral ring map and let q € Spec(S) with contraction p = (b‘l(q). Show that
S/q is integral over R/p.

(d) Deduce that if q is maximal, then p is maximal.

(e) Prove the converse: If p is maximal, then g is maximal. Hint: S/q is an integral domain integral
over the field R/p.

(f) Conclude that under an integral ring map, a prime ideal upstairs is maximal if and only if its
contraction downstairs is maximal.
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(2) Prime Ideals Near a Point. Let ¢ : R — S be a ring map and let p € Spec(R). Write U =R \ p and
Sp = U_IS.

(a) Prove that if q € Spec(S), then ¢p~1(q) is a prime ideal of R.

(b) Prove that prime ideals of Sy, are in bijection with prime ideals q € Spec(S) such that qn¢(U) = @.
Equivalently, these are the primes q such that ¢~1(q) < p.

(c) Suppose that R < S is an injective ring map. Show that Sy, # 0. Hint: If 1 =0 in S;, then some
element of R \ p becomes zero in S.

(d) Suppose that S is integral over R. Prove that Sy, is integral over R,,.

(e) Let Q € Spec(Sy) and let g = S be the corresponding prime ideal. Show that if N Q)= pR,, then
oM@ =p.

(3) Lying Over. Let R < S be an integral extension of rings. The goal of this exercise is to prove the Lying
Over Theorem: for every p € Spec(R), there exists q € Spec(S) such that gnR =p.

(a) Fix p € Spec(R). Explain why S, is a nonzero integral extension of Ry,.

(b) Choose a maximal ideal 91 < S;,. Use the theorem from the previous worksheet saying that maxi-
mal ideals contract to maximal ideals under integral extensions to prove

man :pRp

(c) Pull 91 back to a prime ideal q < S and prove that gnR =p.

(d) State the correct version of Lying Over for a not-necessarily-injective integral map ¢ : R — S.
Hint: Which prime ideals of R can possibly be contractions of prime ideals of S?

(e) Translate Lying Over into a statement about the image of the map ¢* : Spec(S) — Spec(R).
(4) First Examples of Lying Over. Let K be a field.
(a) Show that K[¢] is integral over K[¢2]. For a prime ideal q c K[t], compute qNK[t2] when q = (¢ —a).

(b) Assume K is algebraically closed and char(K) # 2. For u = ¢, describe the primes of K[¢] lying over
the maximal ideal (¢ —a) c K[u] when a =0 and when a # 0.

(c) Show that K[¢] is integral over K[t2,¢3]. Identify the prime of K[¢] lying over the cusp point
(2,13 c K[t2,¢3].

(d) Show that Z[i] is integral over Z. Compute the primes of Z[i] lying over (2), (3), and (5) by
factoring x2 + 1 modulo 2, 3, and 5.

(e) Let R =S be integral and let I c R be an ideal. Prove that the induced map
{q € Spec(S)|q2IS} — {peSpec(R)|p=21}

is surjective.



The next theorem explains how integral extensions interact with inclusions of prime ideals. Geometrically,
if po S p;1 in Spec(R), then p; is a specialization of pg. The theorem says that specializations can be lifted
through an integral extension once the starting point upstairs has been chosen.

Theorem 1 (Going Up). Let R S be an integral extension. Suppose

Po S Pp1
are prime ideals of R, and suppose qo € Spec(S) satisfies qo N R = po. Then there exists q1 € Spec(S) such
that
Gosqr and  qiNR=p;.
More generally, every chain of prime ideals downstairs can be lifted to a chain of prime ideals upstairs,
after choosing a prime upstairs over the first prime in the chain.

(5) Proof of Going Up. Let R =S be integral, let pg < p; be prime ideals of R, and let qg € Spec(S) lie
over po.

(a) Prove that S/qq is integral over R/py.
(b) Show that pi/pg is a prime ideal of R/py.

(c) Apply Lying Over to the integral extension R/py < S/qo to produce a prime ideal q1/q¢ of S/qo lying
over p1/po.

(d) Check that the corresponding prime ideal q; < S satisfies qo < q; and q1 NR =p;.
(e) Prove the chain version of Going Up by induction: if

PoGP1 & & hn
is a chain in R and qg lies over po, then there is a chain

G &q1& & dn
in S with q; "R =p; for all i.

(6) Incomparability. Let R =S be an integral extension. The goal of this exercise is to prove: if q < ¢’
are prime ideals of S and qNnR =q'NR, then q=¢'.

(a) Set p=qnR =q NnR. Explain why R/p < S/q is an integral extension of domains.
(b) Let P =q'/q = S/q. Show that P n(R/p) = (0).
(c) Suppose 0 # b €. Choose a monic equation of minimal degree

b +a1b” 1+ ---+a,_1b+a, =0

with a; € R/p. Prove that a,, =0.



(d) Use the fact that S/q is a domain to get a monic equation for b of smaller degree, a contradiction.
(e) Conclude Incomparability.

(7) Dimension is Preserved by Integral Extensions. Let R € S be an integral extension of nonzero
rings.

(a) Let
Q& q1& & dn
be a chain of prime ideals in S. Use Incomparability to show that

gNRCqiNRC - CgunR
is a chain of prime ideals in R. Deduce that dim(S) < dim(R).

(b) Let
PoCP1 G- Chn

be a chain of prime ideals in R. Use Lying Over and Going Up to lift it to a chain of prime ideals
in S. Deduce that dim(R) < dim(S).

(¢) Conclude that dim(R) = dim(S).

(d) Use this theorem to compute the Krull dimension of each ring below.

1) K2, (i) K[x2,xy,y2].
(i) Klx,yl/(y%—x3). (iv) Z[il.

(8) Closed Sets Under Integral Maps. Let R < S be integral and let ¢* : Spec(S) — Spec(R) be the
induced map.

(a) Let J =S be an ideal. Show that
o' (V(J) = V(J NR).

Hint: One inclusion is direct. For the other, apply Lying Over to R/(J NnR) < S/J after checking
the kernel carefully.

(b) Deduce that ¢* is a closed map.

(c) If R < S is finite and K is algebraically closed, explain why the induced map on affine algebraic
sets should be thought of as a finite-to-one map. Make this precise by showing that for each
p € Spec(R), the fibre ring x(p) ®g S is finite-dimensional over x(p).

We now turn to Going Down. For a ring map R — S, Going Down means that chains can be lifted in the
opposite direction: if po € p; in R and a prime q; upstairs has already been chosen over p;, then there
should exist a prime qg < q; lying over po.



Going Down is not automatic for integral extensions. There are two especially important settings where
it holds. The first is flatness, which is a module-theoretic condition. The second is the classical integral
theorem: an integral extension of domains satisfies Going Down when the base is integrally closed. We
will not prove these now, but will explore their consequences.

Theorem 2 (Flat Going Down). Let ¢ : R — S be a flat ring map. Suppose po S p1 are prime ideals of R
and qi € Spec(S) satisfies ¢p~1(q1) = p1. Then there exists qo € Spec(S) such that

qo S a1 and ¢ (q0) = po.

Theorem 3 (Going Down for Normal Domains). Let A € B be an integral extension of domains. If A is
integrally closed in its fraction field, then A € B satisfies Going Down.

(9) Unpacking Going Down. Let ¢: R — S be a ring map.
(a) Write the definition of Going Up for ¢ using a diagram of prime ideals.
(b) Write the definition of Going Down for ¢ using a diagram of prime ideals.

(c) Explain why Going Up is about lifting specializations and Going Down is about lifting generaliza-
tions.

(d) Prove directly that a localization map R — U 'R satisfies Going Down. Hint: Use the correspon-
dence between primes of U 'R and primes of R disjoint from U.

(e) Give an example of a flat map that is not integral and an integral map that is not flat.
(10) Consequences of Going Down.

(a) Let R — S be faithfully flat. Prove that Spec(S) — Spec(R) is surjective. Hint: For p € Spec(R),
show that x(p)®r S # 0.

(b) Deduce that if R — S is faithfully flat, then every finite chain of primes in R can be lifted to a
chain of primes in S. Conclude that dim(S) = dim(R).

(c) Apply this to R — R[x] to recover the inequality dim(R[x]) = dim(R) + 1 for nonzero R. Hint: if
po C - Cpp is achain in R, use the explicit chain poR[x] C --- C p,Rlx] C ppR[x]+ (x).

(d) Let A < B be an integral extension of domains with A integrally closed. Let q € Spec(B) and
p=qnA. Use Going Up, Going Down for Normal Domains, and Incomparability to prove

ht(q) = ht(p).

(e) Specialize the previous part to a finite extension K[y1,...,y4]1 < B where B is a domain. What does
it say about heights of primes in B?



We now move from arbitrary integral extensions to finitely generated algebras over a field. The next
theorem is one of the main structural results in commutative algebra. It says that a finitely generated
algebra over a field is finite over a polynomial subring.

Theorem 4 (Noether Normalization). Let K be a field and let A be an algebra-finite [K-algebra. Then there
exist algebraically independent elements y1,...,yq4 € A such that A is module-finite over the polynomial
subring

Klyi,...,yal S A.
If A is a domain, then d = tr.degy Frac(A).

The proof is an induction on the number of algebra generators. The key step is a change of variables trick:
given a nonzero polynomial relation, we choose new variables so that one old variable satisfies a monic
equation over the others.

(11) The Monic Change of Variables Trick. Let 0 # f € K[x1,...,x,]. The goal of this exercise is to make
a change of variables so that f becomes monic in one variable. Write

Fo Y carll i,
a

n
=0’

than every exponent appearing in every monomial of f; that is, N > «; for every exponent vector a
appearing in f and every i.

where a =(ay,...,a,) € Z2, only finitely many c, are nonzero, and c, € K. Choose an integer N larger

(a) Define
w(a)=a, +C¥1N+(x2N2 4ot an_an—l.

Explain why this is the base-N expansion of an integer whose “digits” are a,,a1,a9,...,a,-1

(b) Since all these digits are strictly smaller than N, prove that if w(a) = w(fB) then then a = . Thus
the weights w(a) are distinct for distinct monomials of f.

(c) Introduce new variables _
yi:xi—xﬁlw forl<i<n-1.
Equivalently, x; = y; + x],y '. Substitute these expressions into a monomial

Xp-1,.0n

xal---x x
1 n-1°n *

Show that the unique term obtained by choosing xflv " from every factor (y; + an i)“i is xﬁ(“). All
other terms contain at least one y; and have strictly smaller degree in x,,.

(d) Since the weights w(a) are distinct, there is a unique exponent vector a™?®* appearing in f for

which w(a) is largest. Show that, after the substitution, the highest power of x, appearing in f is

w(a

maX)
C gmax X n .



(e) Conclude that, after multiplying f by the nonzero scalar c;&lax we may regard f as a monic poly-

nomial in x,, with coefficients in
K[y17 LY ,yn—l]-

(f) Let A =Klx1,...,x,1/{f). Prove that the image of x, in A satisfies a monic polynomial with coeffi-
cients in the subalgebra generated by the images of

Y1,.--3Yn-1.

Therefore the image of x, is integral over this subalgebra.

(g) Show A is generated as an algebra over K[y1,...,y,-1] by the single integral element x,,. Deduce
that S is module-finite over K[y1,...,y,-1].

(12) Proof of Noether Normalization. Let A =K[x1,...,x,]/I be an algebra-finite [K-algebra.
(a) If I =(0), prove the theorem.

(b) If I #(0), choose 0 # f € I. Use the previous exercise to make a change of variables so that A is
module-finite over the image of a polynomial ring in n — 1 variables.

(c) Let A1 denote this image subalgebra. Explain why A is algebra-finite over [K using at most n — 1
algebra generators.

(d) Apply induction to A1 to find a polynomial subring K[y1,...,y4] € A1 such that A; is module-finite
over K[y1,...,y4].

(e) Prove that A is module-finite over K[y1,...,y4].
(f) Explain why the elements y1,...,y4 are algebraically independent over K.

(13) Finding Normalizations by Hand. For each algebra below, find a polynomial subring over which
the algebra is module-finite. When possible, give explicit module generators.

(a) K[t2,£3]. (d) Klx,y,zl/(z% —xy).
(©) Klx, yl/{(y%—x3). (e) K[x2,xy,y*1< Klx, yl.
(c) Klx,yl{xy). Hint: Try x + y. ) K[s2,s3,¢].

(14) Zariski’s Lemma from Noether Normalization. Let A be an algebra-finite lK-algebra that is also
a field.

(a) By Noether Normalization, choose K[y1,...,y4] € A such that A is module-finite over K[y1,...,yq4].
Explain why this extension is integral.

(b) Use the earlier fact that if B is a field integral over a domain A, then Ay is a field, to prove that
Kly1,...,yq] is a field.

(¢) Prove that d =0.



(d) Conclude that A is a finite-dimensional vector space over K. Equivalently, every field that is
algebra-finite over K is algebraic and finite over K.

(e) Deduce the weak Nullstellensatz: if K is algebraically closed and m < K[x1,...,x,] is maximal,
then
m=(x1-Qa1,...,Xn — Qp)

for some aq,...,a, € K.

We finish by extracting consequences for dimension. Noether Normalization reduces the dimension theory
of affine algebras to the dimension theory of polynomial rings, while Lying Over, Going Up, and Incompa-
rability tell us that finite integral extensions preserve lengths of prime chains.

Theorem 5 (Dimension of Affine Domains). Let A be an algebra-finite K-algebra that is a domain. Then
dim(A) = tr.degy Frac(A).
Equivalently, if K[y1,...,y4]1 €A is a Noether normalization, then dim(A)=d.

(15) Dimension of Affine Domains. Let A be an algebra-finite [K-algebra that is a domain.

(a) Let K[y1,...,y4] € A be a Noether normalization. Use dimension preservation for integral exten-
sions to prove dim(A) =d.

(b) Show that Frac(A) is algebraic over K(y1,...,y4). Hint: First prove that every element of A is
algebraic over K(y1,...,yq).

(c) Deduce that tr.degy Frac(A)=d.
(d) Conversely, explain why d is determined by A and not by the choice of Noether normalization.

(16) Computations Using Noether Normalization. Compute the Krull dimension of each ring. In each
case, try to exhibit a finite extension from a polynomial subring or reduce to irreducible components.

(a) K[£2,#]. (e) Klx,y,z)/(xz,yz).

(b) K[s2,s3,t]. (D) Klx1,...,x,1/x1,...,%0).
(¢) Klx,y,2z1/(z2 - xy). () Z[xV(x*+1).

(d) Klx,y,zV/(xy,2). (h) Klx?,xy,y].

(17) Finite Maps to Affine Space. Let A be an algebra-finite K-algebra and let P = K[y1,...,y41 S A be a
Noether normalization.

(a) Show that the induced map Spec(A) — Spec(P) = A& is surjective.



(b) For p € Spec(P), prove that the fibre ring x(p) ®p A is finite-dimensional over x(p).

(c) Assume K is algebraically closed and p = (y1 —a1,...,¥q4—aq) is a closed point of A%. Show that the

closed points in the fibre over p correspond to maximal ideals of the finite-dimensional [K-algebra
A/pA.

(d) Prove that a finite-dimensional algebra over a field has only finitely many maximal ideals. Hint:
Distinct maximal ideals are comaximal, and the Chinese Remainder Theorem gives a surjection
onto a product of fields.

(e) Explain the geometric slogan: Noether normalization gives a finite-to-one projection from an affine
algebraic set to affine space of the same dimension.



