Dartmouth College
Math 121: Commutative Algebra Spring 2026

WORKSHEET 6.1: EXACTNESS PT. I

Throughout this course, “ring” means commutative ring with unity. In the previous worksheets we intro-
duced modules, homomorphisms, quotient modules, free modules, Hom, tensor products, and localization.
The goal of this worksheet is to organize these constructions around one central idea: exactness. Exact-
ness is a way to say that one map accounts for exactly the elements killed by the next map. It packages
kernels, images, quotient modules, presentations, and many theorems into one flexible language.

Let R be a ring. A sequence of R-modules is ...,My,M1,Ms,... together with R-module homomorphisms
¢;:M; — M;_1. We often arrange a sequence into a diagram like

¢i

¢i+1> M, s M;_; $i-1 M; o

We are most interested in sequences when the maps are related in some nice way that allows us to compare
the image of one map with the kernel of the next. A chain complex, or simply a complex, of R-modules
is a sequence in which ¢;_1 o¢; = 0 for every i. Equivalently, img(¢;) c ker(¢p;_1) for all i. We often write
(M.,¢.) for a complex and call the maps ¢; differentials. A complex is exact at M; if img(¢p;.1) = ker(¢;).
One way to measure the failure, or success, of a complex to be exact at M; is by looking at the i-th homology
group of (M.,¢.), which is defined to be the quotient R-module:

ker (¢;)
img (¢i+1) .
The definition of a complex guarantees this quotient makes sense, since img(¢; 1) < ker(¢;). Equivalently,
a complex is exact at M; if and only if H;(M.,¢.) = 0. (Here 0 denotes the zero R-module.) A complex
is exact if it is exact at every module where this condition makes sense. Thus every exact sequence is a
complex, but a complex need not be exact.

Hi (M°7¢°) =

Complexes appear throughout commutative algebra and other areas of mathematics. Perhaps the most
important special case of a complex is a short exact sequence. A short sequence is a complex of the form

0 sA—sB_f s S 0.

It is called a short exact sequence if it is exact at A, B, and C. Strictly speaking, a complex extends
infinitely in both directions, so the diagram above is shorthand for

i p
> 0 Y\ > B y C > 0

where all modules outside the displayed range are zero. We will follow the standard convention of sup-
pressing these trailing and leading zero modules. Saying that this sequence is exact is the same as saying
that i is injective, p is surjective, and img(i) = ker(p). Thus a short exact sequence says that A is being
identified with a submodule of B, and that the quotient of B by this submodule is isomorphic to C.
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(1) First Encounters with Exactness. Let A,B,C be R-modules.
(a) Prove that a sequence
0 A—3B

is exact at A if and only if 7 is injective.

~

(b) Prove that a sequence

B 25 )

is exact at C if and only if p is surjective.

~

(c) Prove carefully that
0o—A——3BLsc—0
is exact if and only if i is injective, p is surjective, and img(i) = ker(p).

(d) If

A-lsp_£,¢

is exact at B, prove that gof =0.

(e) Give an example of maps of R-modules

A-lsp_£,¢

~

such that go f = 0 but the sequence is not exact at B.

(f) Consider the complex below. Compute the homology at B in each of the following cases:

A N Py

(i) f=0and g=0.
(i1) f is injective and g = 0.
(i1i) g is injective.

(2) Examples of Short Exact Sequences. Let R be a ring. In this problem we will see that a number
of constructions we are quite familiar with can be framed in terms of short exact sequences.

(a) Let I c R be an ideal. Construction a short exact sequence

00— ——>R-—"5>RI—>0
where 7 is the natural quotient map and ¢ is the inclusion I into R.

(b) Let N ¢ M be a submodule. Prove that the sequence

0 SN ——>M -3 MIN —>0

is exact, where 1 is the inclusion of N into M.



(c) Let I cJ cR be ideals. Construct a short exact sequence

0 > J/I > R/ > R/J > 0.

Hint: Define J/I — R/I by j+I — j+I and define R/I — R/J by r+1 — r+<. Check well-definedness
before checking exactness.

(d) For a positive integer n, prove that multiplication by n gives

0 —Z—"%Z—7Z/nZ — 0

which is a short exact sequence of Z-modules.

(3) Kernels, Cokernels, and Images. Let ¢ : A — B be a homomorphism of R-modules. The cokernel of
¢ is the R-module coker(¢p) := B/img(¢).

(a) Prove that the sequence

¢

0 — ker(¢p) —— A > B

where ¢ is the inclusion of ker(¢) into A is exact.
(b) Suppose
0—>A—3B-%5¢C

is an exact sequence of R-modules. Prove that f induces an isomorphism A = ker(g).

(c) Prove that the sequence

A i} B — coker(¢p) — 0
where 7 is the natural quotient map is exact.

(d) Suppose

A-lsp_fs0c_150

is an exact sequence of R-modules. Prove that g induces an isomorphism coker(f) = C.

(e) Deduce there is an exact sequence of R-modules

0 — ker(¢p) ——3 A —2 % B 7% coker(¢p) — 0 .

(f) Prove that ¢ induces an isomorphism A/ker(¢) = img(¢), and deduce that the exact sequence in
part (e) factors through img(¢) as two short exact sequences

0 — ker(p) ——> A —2 img(@) ——> 0 and 0 — img(¢) —— B —" coker(¢) — 0

where ¢ is ¢ with codomain restricted to img(¢) and j is the inclusion.



(4) Presentations of Modules. Let R be a ring. A presentation of an R-module M is an exact sequence
of the form

Fq > Fo > M >0
where Fy and F; are free modules.

(a) Explain why a presentation of M as above says that M is obtained from the generators of F by
imposing the relations coming from ¢(F'1). Hint: Use exactness to identify M with Fy/img(yp).

(b) Let R =K[x] and M = R/(x3). Write a presentation of M using finite free R-modules.

(c) Let R = K[x,y] and M = R/(x?,xy,y?). Write a presentation of M using one free generator and
three relations.

(d) Let A be an m x n matrix with entries in R, viewed as a map R"” — R™. Interpret the sequence

R" —Ay Rm s coker(A) — 0

as a presentation of coker(A).

We just saw that a short exact sequence 0 — A — B 2, ¢ — 0 of R-modules says that B has a submodule
isomorphic to A (namely imgi) whose quotient is isomorphic to C (namely B/imgi = C). One might hope
that knowing A and C determines B up to isomorphism, and in the simplest cases it does: B= A®C. When
this happens — and when the isomorphism is compatible with the maps i and p — the sequence is called
split. More precisely, a short exact sequence is split (also called split exact) if there exists an isomorphism
of R-modules 4 : B — A & C such that the following diagram commutes

0 y A t yp—" s s 0
lh
0 s A L sy AeC —X2 > C 50

where 1(a) = (a,0) is the natural inclusion and n(a, ¢) = ¢ is the natural projection. Saying that the diagram
commutes means that the two squares commute. This is the generic situation for vector spaces: every
subspace has a complement, so every short exact sequence of vector spaces splits. Over more general
rings, however, splitting is the exception rather than the rule.

We can characterize when a short exact sequence splits in terms of the existence of either a section of p or
a retraction of i. A section of p : B — C is an R-module homomorphism s : C — B such that pos=1d¢. A
retraction of i : A — B is an R-module homomorphism r : B — A such that roi =1d4. Note that in general
s is not an inverse to p, and r is not an inverse to i; the compositions in the other order need not be the
identity.

Lemma 1 (Splitting Lemma). Let R be a ring, and consider a short exact sequence of R-modules

0 v A—sB_2 s S 0.




The following are equivalent:
(i) The sequence splits, i.e. B= A & C in a way compatible with i and p.
(it) The map p admits a section s:C — B.
(iti) The map i admits a retraction r : B — A.
Condition (ii) is often called right split, while condition (iii) is called left split. Thus, for R-modules, “right
split,” “left split,” and “split” are all equivalent. Warning: This equivalence is special to the setting of
R-modules (more generally, abelian categories). For example, in the category of non-abelian groups, a

sequence may admit a section without being a direct product: such extensions correspond to semidirect
products. Fortunately, none of these issues arise for R-modules.

(5) Split Short Exact Sequences. Let

0 v A —syB -2y

~
o

~

be a short exact sequence of R-modules.

(a) Suppose there exists a homomorphism s : C — B such that p os =1Id¢. Prove that the map defined
below is an isomorphism of R-modules:

®:AeC —B, (a,c)— i(a)+s(c).
(b) Conversely, suppose there is an isomorphism B = A @ C under which i becomes the standard

inclusion A — A®C and p becomes the standard projection A&C — C. Construct a homomorphism
s:C — B with pos=1dc¢.

(c) Suppose there exists a homomorphism r : B — A such that roi =1dy4.
(1) Prove that the map
B— AeC, b — (r(b), p(b))
is injective.
(i1) Prove that it is surjective. Hint: Given (a,c) € A ® C, choose by € B with p(by) = ¢ and modify
b by an element of i(A).
(iii) Conclude that B= A& C.

(d) Conversely, suppose there is an isomorphism B = A @ C under which i becomes the standard
inclusion a — (a,0) and p becomes the standard projection (a,c) — ¢. Construct a homomorphism
r:B— A withroi=1Idg4.

(6) Examples of Split & Non-Split Exact Sequences.



(a) Prove that every short exact sequence of vector spaces over a field K splits. Hint: Choose a basis
for the first term, extend it to a basis for the middle term, and identify the remaining basis vectors
with a basis for the third term.

(b) Explain why the Rank-Nullity theorem for finite dimensional vector spaces over K is a conse-
quence of the splitting theorem.
(c) Prove that the sequence

0 v 7 237 S 7/27 — 0

does not split as a sequence of Z-modules.

(d) Let p be a prime number. Prove that the sequence of Z-modules:
0 — Z/pZz — 7/p?7 — Z/pZ — 0,

where the first map sends 1 — p and the second is reduction modulo p, does not split. Hint: A
section would send 1 € Z/pZ to an element of Z/p?Z whose reduction modulo p is 1. What is the
order of such an element?

(e) Let R =K[x]. Prove that the sequence below is exact, but does not split as a sequence of R-modules:

0 — (x) — Klxl —> K — 0.

Hint: If a section s : K — K[x] existed as a K[x]-module map, what could s(1) be? Use the fact that
x-1=01in K = K[x]/{x).

(f) Let R be a ring and let e € R be an idempotent, meaning e = e. Prove that
0 —eR —— R —>» R/eR —— 0

splits. Then prove that the map R — (1—¢)R given by r — (1 —e)r induces an isomorphism R/eR =
(1-e)R.

We now introduce just enough categorical language to talk cleanly about Hom, tensor product, and lo-
calization. A category is a collection of objects together with, for each pair of objects, a set of morphisms
between them, equipped with an associative composition law and an identity morphism for each object.
The quintessential category, both in this class and arguably beyond, is the category of R-modules, denoted
R —Mod, whose objects are R-modules and whose morphisms are R-module homomorphisms.

A functor between categories C and D is a mapping that assigns to each object of C an object of D and
to each morphism in C a morphism in D, preserving identity morphisms and composition. A functor is
contravariant if it reverses the order of composition and covariant if it preserves the order of composition.
More precisely, a covariant functor F : C — D is the data of

(1) for every object X of C, F'(X) is an object of D,



(2) for every morphism f: X —Y in C, F(f): F(X)— F(Y) is a morphism in D,
which satisfies the following conditions:

(1) F(Idx) = Idpx) for every object X of C,

(i) F(gof)=F(g)oF(f) for all composable morphisms f:X —-Y and g:Y — Z in C.
Similarly a contravariant functor F : C — D is the data of:

(1) for every object X of C, F'(X) is an object of D,

(2) for every morphism f: X —-Y in C, F(f):F(Y)— F(X) is a morphism in D,
which satisfies the following conditions:

(1) F(Idx) =Idpx) for every object X of C,

(i1) F(gof)=F(f)oF(g) for all composable morphisms f:X —Y and g:Y — Z in C.

We have already constructed several operations that take modules as input and produce new modules.
For example, after fixing an R-module 7T, the assignments

M — Hompg(T,M), M — Hompgr(M,T), M— MerT

each send an object of R —Mod to another object of R —Mod. Similarly, if U c R is a multiplicatively closed
set, localization gives an assignment

M—U'M,

which sends an R-module to a module over the localized ring U 'R. We would like to view each of these
constructions as defining functors:

R-Mod 22" b Mod R-Mod 201 B Mod

R-Mod — 2T 5 R-Mod R-Mod — Y= 5 U1R-Mod

However, a functor is not merely a rule on objects. To view these constructions functorially, we must also
understand what they do to morphisms. Thus, given an R-module homomorphism f : M — N, we must
define induced maps between the corresponding Hom modules, tensor products, and localizations, and
then check that these induced maps respect identities and composition. The following exercise asks you
to make these constructions explicit and verify that they really do define functors.

(7) Hom, Tensor, and Localization as Functors. Throughout let R be a ring and fix an R-module 7'.
(a) Let T be a fixed R-module. If f : M — N is a homomorphism, define
f+« :Homg(T,M) — Hompg(T,N), ¢— fod.
Prove that Hompg (T, —) is a covariant functor from R —Mod to R —Mod.



(b) If f : M — N is a homomorphism, define
f* :Homg(N,T)— Homg(M,T), w—wof.
Prove that Hompg(—,T) is a contravariant functor from R — Mod to R — Mod.
(c) If f: M — N is a homomorphism, use the universal property of tensor products to construct
fldp . M@rT —N®rT, met— f(m)e®t.
Prove that — ®g T is a covariant functor from R —Mod to R — Mod.

(d) Let U < R be a multiplicatively closed set. If f : M — N is a homomorphism, define

vlr.viMm—uin, 2 fom)
u u

Prove that this is well-defined and that U ~1(-) is a covariant functor from R —Mod to U 1R —Mod.

The functors constructed above let us ask a new version of the exactness question. Instead of asking
whether a given sequence of modules is exact, we can ask whether a construction preserves exactness.
Roughly speaking, a functor is exact if applying it to an exact sequence does not introduce any new homol-
ogy: the kernel of one map is still the image of the previous. This is a very strong condition, and many of
the most important functors in algebra preserve only part of an exact sequence.

For the functors in this worksheet, applying the functor to a sequence again produces a sequence: these
functors are additive, so they send zero maps to zero maps, and they respect composition. Let F : R-Mod —
S-Mod be one of the covariant functors under consideration, where S is some ring. We say that F' is exact
if, whenever

f

M s M —£

> M"

is exact at M, the transformed sequence

Fary L2 pony 29 Fu)

is exact at F'(M). Equivalently, F' sends exact sequences to exact sequences. In particular, an exact
covariant functor sends every short exact sequence

0 vA—" sB P s

~
o

to a short exact sequence

0 — Fa) 292 s pgy 2 5 F(C) —— 0.

Thus exactness means that F(i) remains injective, F(p) remains surjective, and img(F'(i)) = ker(F(p)). A
covariant functor F is called left exact if every exact sequence

0 s A—' s B

Q




is sent to a sequence

0 — FA) 2 rgy 2 Fo)

which is exact at F'(A) and F(B). So a left exact functor preserves the injectivity at the left end and
preserves the kernel condition in the middle, but it may fail to make F(p) surjective. Dually, F is called
right exact if every exact sequence

p

A—" 3B s C

~
(e}

is sent to a sequence

Fa) 295 rey) P s re) — 0

which is exact at F'(B) and F(C). Thus a right exact functor preserves the quotient at the right end, but
it may fail to preserve injectivity at the left end. A functor that is both left exact and right exact is exact.
One can also define exactness, left exactness, and right exactness for contravariant functors; in that case,
the arrows are reversed.

The next exercises focus on three fundamental examples. The Hom functors are naturally left exact. For
Hompg(T,-), the reason is that a map T' — B whose composite with B — C is zero is exactly a map whose
image lands in the submodule A < B. For the contravariant functor Homg(—,T), the same idea appears in
quotient form: a map B — T that kills A factors uniquely through C = B/A. In both cases, surjectivity can
fail; a map into or out of one end of a short exact sequence need not lift or extend across the middle term.

Tensor product behaves in the opposite direction. The functor — ® T is always right exact: it preserves
cokernels and therefore preserves quotient presentations. This is why tensor product is so useful for com-
puting modules from generators and relations. But tensor product need not be left exact; after tensoring,
an injective map can acquire a kernel. The modules T' for which tensoring with 7' is exact are precisely
the flat modules, which will be introduced below.

Localization is the especially well-behaved example in commutative algebra. Since U"'M = U 'R e M,
localization is right exact for the same reason tensor product is right exact. What makes localization better
than an arbitrary tensor product is that it is also left exact: if a fraction becomes zero after applying a
localized map, then after clearing denominators its numerator already came from the previous module.
Thus localization preserves all exact sequences, and this exactness is one of the main reasons localization
is such a powerful tool.

(8) Left Exactness of Hompz(T,—). Let T be an R-module and let

i p
0 > A c > B »

~
o

be a short exact sequence.
(a) Define the maps i, and p. by postcomposition, and prove that p.oi, =0.
(b) Prove that i, : Homg(T,A) — Hompg(T,B) is injective.



(c) Suppose ¢ : T — B satisfies po¢ = 0. Prove that ¢ factors uniquely through i : A — B. In other
words, prove that there is a unique homomorphism ¢ : T — A such that ¢ =i o .

(d) Conclude that the sequence below is exact
0 — Homp(T,A) ——% Homg(T,B) —2— Homg(T,C).
(e) Suppose the original short exact sequence splits. Prove that p, : Homg(T,B) — Hompg(T,C) is
surjective. Thus Hompg (T, —) sends split short exact sequences to short exact sequences.

(f) Let R = Z and apply Homz(Z/27,-) to

0 s 72 37 S 7/27 ——3 0

Compute the resulting sequence and explain why Homz(Z/2Z,—) is not right exact.

(9) Left Exactness of Homg(—,T). Let T be an R-module and consider the short exact sequence below:

i p
0 »A ———B » > 0.

(a) Using precomposition define the maps as below. Prove that i* op* =0:
Homg(C,T) —2— Homg(B,T) —-—— Homg(A,T):

(b) Prove that p* is injective.

(c) Suppose v : B — T satisfies woi = 0. Prove that y factors uniquely through p : B — C. In other
words, prove that there is a unique homomorphism y : C — T such that ¥ = o p.

(d) Conclude that the sequence below is exact:
0 — Homp(C,T) —2— Homg(B,T) —— Homg(A,T).
(e) Suppose the original short exact sequence splits. Prove that i* : Homg(B,T) — Homg(A,T) is
surjective. Thus Hompg(—,T) sends split short exact sequences to short exact sequences.
(f) Let R = Z and apply Homz(—,Z) to

0 s 72 37 S 7/27 ——3 0

Compute the resulting sequence and explain why Homz(—, Z) is not exact.
(10) Hom Computations from Exactness.
(a) Let M be an R-module and let I <R be an ideal. Use the short exact sequence
0 > I < > R » R/ > 0

together with Hompg(—, M) to recover the description

Homp(R/I,M)={meM |Im =0}

10



Hint: Identify Hompg (R, M) with M by evaluating a homomorphism at 1 € R. Under this identifi-
cation, what does the condition that a map R — M vanish on I become?

(b) Let N be an abelian group and n a positive integer. Apply Homz(—,N) to

0 v 72— 57 S ZInZ —— 0

Show that there is an exact sequence

0 —— Homz(Z/nZ,N) < »N —— N
Deduce that Homz(Z/nZ,N) is naturally isomorphic to the subgroup of n-torsion elements of N.
(c) For positive integers m,n, use the previous part to compute Homz(Z/mZ,7Z/n7).
(d) Let R = K[x] and M = R/{(xb). Compute Hompg (R/(x%), M) for positive integers a and b.

(e) Let A be an m x n matrix with entries in R, let M = coker(A), and let N be an R-module. Use the
presentation

R" —& 5 R™ > > 0
to describe Hompg (M, N) as the kernel of an explicit map N — N”". Hint: Identify Homg(R™,N)

with N and Homg(R",N) with N"*. The induced map is precomposition with A; in coordinates it
is given by the transpose matrix A! acting on column vectors, with the usual convention.

(11) Right Exactness of Tensor Product. Let 7' be an R-module and let the below be an exact sequence:

Al vp_ ¢ ,¢ )

(a) Prove that g@Idr:B®r T — C®g T is surjective.

(b) Construct a bilinear map C xT — (BQr T)/{f(a)®t|a € A, t € T)t by choosing a representative
b € B of c € C and sending (c,t) to the class of b6 ® £. Check that this is well-defined.

(c) Since C = B/img(f), use the universal property of quotients and tensor products to show that

CorT=BerT)({f(a)ot|lacA, teT).

(d) Prove that ker(g ® Idr) = img(f ® Idy).
(e) Conclude that the sequence below is exact:
A®rT ——> BrT —— C®rT —— 0.
(f) Suppose the original short exact sequence splits. Prove that g xIdr is injective. Thus —®g T sends
split short exact sequences to short exact sequences.

(12) Tensor Product Need Not Be Left Exact. The next example shows that tensor product can turn a
nonzero injective map into the zero map.

11



(a) Tensor the short exact sequence

0 s 72 v 7 S 7/27 —— 0

with Z/27. Compute the resulting sequence explicitly.
(b) Explain why the map Z®7 7/27 — 7 ® 7 Z/27 induced by multiplication by 2 is the zero map.
(¢) Conclude that — ®7 Z/27 is not left exact.

(d) Let n be a positive integer. Compute (Z/nZ)®7(Z/27) and use this to predict what happens when
one tensors the exact sequence below with 7/27:

0 sy 7" 57 S 7Z/n7 —— 0.

(13) Flat Modules. An R-module T is called flat if the functor — ®g T is exact, or equivalently if tensoring
with T preserves injective maps.

(a) Explain why right exactness of tensor product implies that 7 is flat if and only if, for every injection
A — B, the induced map A®r T — B®pr T is injective.

(b) Prove that R is flat as an R-module.
(¢) Prove that a finite free module R” is flat.

(d) Prove that every free R-module is flat. Hint: Tensor product commutes with direct sums.

Localization is the most important exact functor in commutative algebra. Let U c R be a multiplicatively
closed set. The localization construction sends an R-module M to a U 'R-module U 1M, and sends a
homomorphism f : M — N to the homomorphism

-1
vy Y gy T

u u

We already saw that UM = U1R ®p M. Since tensor product is right exact, localization is automatically
right exact. The special feature of localization is that it is also left exact. The reason is the denominator-
clearing argument: if a fraction maps to zero after localization, then some element of U already Kkills the
relevant numerator.

(14) Exactness of Localization. Let U c R be a multiplicatively closed set and let the sequence below be

exact at M:

M —r 5 sy

(a) Prove that
_ U-if _ Ulg _
UM — s UM —25 UM

is a sequence of U~1R-modules whose consecutive composition is zero.

12



(b) Prove that img(U~1f) cker(U lg).

(¢c) Let m/u € UM satisfy (U 'g)(m/u) = 0. Unpack the definition of equality to zero in U 'M" to
show that there exists ¢ € U such that g(tm)=0.

(d) Use exactness of the original sequence at M to find m’' € M’ with f(m') =tm.
(e) Prove that 7 = %'Z’) in U"'M, and conclude that m/u € img(U~1f).
(f) Deduce that localization preserves exactness of arbitrary exact sequences.

(15) Localization Preserves Short Exact Sequences. Let

] P
0 »A —— B » >0

be a short exact sequence and let U c R be a multiplicatively closed set.
(a) Prove directly that U~1i : U~1A — U~!B is injective.
(b) Prove directly that U= 1p :U"1B — U~1C is surjective.
(c) Use the previous exercise to conclude that
0 —UA——UB—»UNC—0
is a short exact sequence of U~ 1R-modules.
(d) Combine this with the isomorphism U 1M = U 1R ®r M to prove that U™ 1R is a flat R-module.
(16) Computing Localized Exact Sequences.
(a) Let I SR be an ideal. Use exactness of localization to prove that U Y(R/I)=U " 'R/IU'R.
(b) Localize the short exact sequence at U = {1,2,22,23, .. }. Identify each term explicitly

0 v 75 v 7 S 7/67 —— 0.

(c) Localize the same sequence at V = Z \ (2). Identify v-1(z/62).
(d) Let R =K[x] and M = R/{(x*(x — 1)). Compute M[1/x] using the localized presentation

x2(x—1)

R[1/x] ———= R[1/x] —» M[1/x] ——— 0

(e) Explain why localizing R/(x?(x — 1)) at the prime ideal (x) “keeps” the x = 0 component and “re-
moves” the x = 1 component.

(f) With R and M as in the previous part, compute M(,,. Hint: What happens to x — 1 in R?
(g) Let R =K[x,y]l and M = R/{xy). Compute M[1/x] and M[1/y].

13



