Dartmouth College
Math 121: Commutative Algebra Spring 2026

WORKSHEET 4.2: LOCALIZATION

Throughout this course, “ring” means commutative ring with unity. In the previous worksheet we built
the basic language of modules, quotient modules, free modules, Hom, and tensor products. The goal of this
worksheet is to introduce one of the central operations in commutative algebra: localization. Informally,
localization is the process of forcing a chosen collection of elements of a ring to become invertible. This
construction simultaneously generalizes the passage from Z to Q, the localization Z,, at a prime number
p, and the algebraic operation of restricting attention to a principal open subset D(f) of Spec(R).

Let R be a ring. A subset U c R is called multiplicatively closed if 1 € U and u,t € U implies ut € U. Given
a multiplicative set U c R, the localization of R at U is a ring U 'R together with a ring homomorphism
n:R — U™'R satisfying the following universal property: For all ring homomorphisms ¢ : R — T such that
every element of ¢(U) is a unit in T there exists a unique homomorphism ¢ : U 'R — T such that the
following diagram commutes:

R—" 3 UR

Roughly speaking we should think of U"!R as being the “smallest” ring where every element of U is a
unit. As always the universal property guarantees that U 'R and the map 71 are unique up to unique
isomorphism (assuming that they exist, which we will now discuss).

Informally, we think of elements of U 'R as obtained by formally inverting every element of U and im-
posing the necessary equivalence conditions to make it into a well-behaved ring. Elements of U'R are
formal fractions r/u where r € R and u € U subject to some equivalence relation. If R is an integral domain
and 0 ¢ U, equality of fractions is the familiar cross-multiplication relation, i.e. r1/u1 = ro/us as elements
in U™1R if and only if rqus = rou; as elements in R. In general, because zero divisors may be present, one
must allow extra clearing denominators:

r r
22 WUR = t(riug—rou1)=0 in R for some t e U
ui ug

Multiplication and addition in U~ 'R are then defined in the usual way for fractions:

ri ro rirg ri ro riug+raouq
—|= and +—=——"

uq us uijug ui ug uijusg

The additive identity is then the equivalence class of 0/1 and the multiplicative identity is 1/1. The function
n:R — U7'R is defined by r — Z, which formally makes sense because 1 € U. Although this construction
is relatively easy to define, there is work involved in checking that the operations and 71 are well-defined,
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that U™!R is a ring, and that it satisfies the correct universal property. You will carefully go through this
construction in the exercises.

A few warnings: when R is not a domain localization can behave somewhat strangely. For example, from
our experience with fractions since childhood and its unassuming definition one might expect n to be
injective; this is not the case. The element 7(r) = r/1 can be equal to zero in U~'R. By definition this
occurs when r/1 = 0/1, which translates to ¢ =0 in R for some element ¢t € U. Even worse, if 0 € U then
the ring U~!'R becomes the zero ring.

(1) Multiplicative Sets.

(a) Verifying, using the definition directly, which of the following subsets are multiplicatively closed?

i) R=Zand U ={1,3,9,27,.. .}. V) R=R[x,y]and U =R \ {x, y).

(vi)) R =R[x, yl/(y> —x3+x) and U =R\ (x, ).
(i) R=Zand U =Z\ (2).

(viii) R = Rlx,y] and U = {f € R | [(0,0) #
Gv) R=Zand U ={n = 1}. 0 and £(1,1) # 0}.

(b) Let I c R be an ideal. Prove that U = R \ [ is multiplicatively closed if and only if I is prime.

(c) Let U c R be a multiplicatively closed set. If ¢ : R — S is a ring homomorphism, is ¢(U) < S a
multiplicatively closed subset?

(2) First Examples. Despite not having formally verified that our construction is well-defined, discuss
ways to explicitly understand U 'R in each of the following cases.

(@) R=Zand U =7 \{0}. () R=27/127 and U ={1,2,4,8}.
() R=Z and U ={2" | n € Zsp}. (g) R=27/12Z and U ={1,3,9}.
© R=ZandU=27\(2). (h) R = Z[x)/(nx—1)y and U = {n* | k € Z5¢} for a

fixed non-zero integer n.

(d) R =K[x] and U = K[x]\ {0}. . . . o
(i) R an arbitrary ring and U a multiplicative

(e) R=K[x] and U = {1,x,x2,x3,...}. closed set containing a nilpotent.

(3) Constructing U™ 'R. Let R be a ring and U c R a multiplicatively closed set. Define a relation on
R x U by saying (r1,u1) ~ (ro,us) if and only if {(riug —rou1) =0 in R for some t e U.

(a) Prove that ~ is an equivalence relation on R x U.



(b) Let - denote the equivalence class of a pair (r,u) under the equivalence relation ~ defined in the
previous part. Prove that the operations:

ri ro rireg ri ro riug+raou1
and +—="—

uij\uz uiuz ui u2 Uiz

are well-defined. Hint: You must show that changing the representative of either input fraction
does not change the resulting equivalence class.

(c) Define UIR to be the set of equivalence classes of ~. Show that the operations above make U 'R
into a ring where % is the zero element and % is the multiplicative identity.

(d) Show that the function n: R — U "R given by r — 7 is a well-defined ring homomorphism.
(e) Prove that if u € U then n(x) is a unit in U~'R. Explicitly what is its inverse?
(f) Where in this construction did you use that U was multiplicatively closed and contains 1?
(4) First Properties of Localization. Let R be a ring and U c R a multiplicatively closed set.
(a) Prove that if 0 € U then U 'R is the zero ring.
(b) Prove that if R is an integral domain and 0 ¢ U then ;—11 = z% in U'R if and only if rius = rou;.
(c) Let R be an integral domain and U = R \ {0}. Prove that U 'R is a field.

(d) Find an example of a non-zero ring R for which R \ {0} is not multiplicatively closed. What goes
wrong with trying to form (R \ {0})"1R?

(5) The Kernel of the Localization Map. Let R be a ring, U c R be a multiplicatively closed set, and
n:R — U™ 'R the localization map as described in Question 3.

(a) Prove that 7 is injective if and only if every u € U is a nonzerodivisor on R, i.e. ur =0 implies r =0
forallre R.

(b) Let I ={reR | ur =0 for some u € U}. Prove that I is an ideal.

(c) Show that there exists an injective ring homomorphism R/I — U 'R such that the following dia-
gram commutes:

(d) Prove that ker(n) =1.
(e) Revisit the examples in Question 2. For which of them is the localization map R — U 'R injective?

(6) Field of Fractions. Let R be an integral domain. The field of fractions of R is the ring U 'R where
U =R \ {0}. We denote the field of fractions of R by Frac(R).



(a) Show that Frac(R) is a field containing R.
(b) Describe Frac(R) when R =7 and R = K[x].

(¢) If R is an integral domain and U c R is any multiplicatively closed set not containing zero, explain
how we can view U IR as a subring of Frac(R).

(7) Universal Property of Localization. In this exercise we shall show that U 1R and 7 as constructed
in Question 3 satisfy the universal property of localization. Let R be a ring and U < R a multiplica-
tively closed subset. Let ¢p: R — T be a ring homomorphism such that ¢(U)c T*.

(a) Define a function ¢:U 'R — T by L — ¢(r)¢(u)!. Explain why ¢ is well-defined and prove it is a
ring homomorphism.

(b) Show that ¢ makes the following diagram commute:

R—" 3 UR

|

T

(c) Prove that ¢ is the unique ring homomorphism U 'R — T making the diagram commute. Hint: If
w:U'R — T is any such map, first determine y (1) for u € U, and then use the equality Z = £1,

(8) Applications of the Universal Property of Localization. Let R be a ring and U c R a multiplica-
tively closed subset.

(a) Use the universal property of localization to show that U 'R and 7 are unique up to unique
isomorphism.

(b) Suppose every element of U is already a unit in R. Prove that the localization map n: R — U™'R
is an isomorphism.

(c) Suppose V < R is another multiplicatively closed set and U < V. Use the universal property to
construct a natural homomorphism U 'R — V~1R.

(d) Let ¢: R — S be a ring homomorphism such that ¢(U) c S*. Let ¢ : U 1R — S be the induced map.
Prove that if ¢ is surjective, then ¢ is surjective. Prove that if ¢ is injective, then ¢ is injective.

The two most important examples of localization are: i) when U is equal to the complement of a prime ideal
and ii) when U = {1,f,f2,f3,...} for some non-zero element f € R. Given a prime ideal p < R you showed
in Question 1b that U = R \ p is a multiplicatively closed set. The ring (R \p)~'R occurs so frequently that
we give it its own notation and name. The localization of R at p is the ring:

R,:=(R\p)'R.



The guiding feature of Ry is that all elements outside of p become invertible, while the elements in p
remain non-units. As we shall see shortly, this implies that R, has a unique maximal ideal, namely,

pRp::{£ | rep,ueR\p}.

A ring with a unique maximal ideal is called a local ring. We often denote a local ring by (R, m), where m
is its unique maximal ideal. Local rings are algebraic analogues of rings of germs near a point.

Turning towards the second important example, fix a non-zero element f € R and consider the set U =
{1,f,f2,f3,...). Note we should assume f is not a nilpotent element, since otherwise as we saw in Ques-
tion 2i, the localization U 'R will be the zero ring. The localization U 'R consists of fractions of the form
f—rn with r € R and n = 0. Every such fraction can be rewritten as r- fln =r- (%)n, so every element of U 1R
is a polynomial expression in % with coefficients in R. In other words, U 1R is generated, as a ring, by the
image of R and the single new inverse % We therefore write:
r

fn

We will see shortly that we can make the idea that R [%] is “polynomials in % with coefficients in R” precise

R|}] ::{1,f,f2,...}‘1R:{ | reR, nzo}.

by showing R[%] is isomorphic to R[x]/{xf — 1). Intuitively this makes sense since quotienting by (xf — 1)
means setting xf =1, i.e., let the formal variable x equal the inverse of /. (Note we saw something similar
to this when we used the Rabinowitsch trick on the Nullstellensatz worksheet.)

(9) Localization at a Prime Ideal. Let R be a ring and p € R be a prime ideal.
(a) Prove that an element - € R, is a unit if and only if 7 ¢ p.

(b) Deduce that the non-units of R, are precisely the elements
r
Ry :=1— eEp,ueR\p¢.
Py {u | rep,u P}

(c) Prove that pR, is an ideal in Ry,.

(d) Show that pR, is a maximal ideal in Ry,. Hint: Show that any ideal strictly containing pR, must
contain a unit.

(e) Show that Ry, does not have any other maximal ideal, i.e. (Ry,pR}) is a local ring.
(f) More generally, show that a ring R is a local ring if and only if the set of non-units in R is an ideal.
(g) Let p € Z be a prime number. Describe the units and unique maximal ideal of Z ).

(h) Let R = C[x] and m = (x —a) for ¢ € C. Which rational functions in C(x) lie in R,,? Which of them
are units?



(10) Inverting an Element. Let R be a ring and let f € R be a nonzero, non-nilpotent element. Recall the
ring R[%] is defined to be the localization of R at U = {1, f, f2,f32,...}.

(a) Show that the R-algebra homomorphism ¢ : R[x] — R[%] determined by ¢(r) = 7 for r € R and
P(x) = % is well-defined.

(b) Prove that ¢ is surjective by explicitly finding an element that maps to ka forreR and k € Z.

(c) Show that ker(¢p) = (fx—1).

(d) Conclude that R[%] is isomorphic to R[x]/{fx —1).

(e) Give a different argument proving R [%] and R[x]/{fx—1) are isomorphic using the universal prop-
erty of localizations.

(f) What changes if f is nilpotent? Show that both R[%] and R[x]/{fx— 1) are the zero ring.

(g) Let f,g € R. Use the universal property to prove that

(= 13]) 15 =2 7).

Given any ring homomorphism ¢ : R — S, there is a natural interplay between ideals of R and ideals of S.
If I c R is an ideal, its extension is the ideal of S generated by the image of I under ¢:

n

G- S = (D)) = {Z sip(ri)

i=1

riEI,siES,nZO}.

Note we must take the ideal generated by ¢(I), not just the image of I itself, since as we previously saw
¢(I) may not be an ideal of S.

Conversely, if J =S is an ideal, its contraction is the preimage
¢ H(J)={reR | p(r) e J},

which is always an ideal of R. Note there are numerous different notations for extension and contraction of
ideals: some (namely Atiyah—MacDonald) write I° and J°¢ for the extension and contraction respectively,
others write IS and J NR (as a nod to what occurs when ¢ is an injection). We generally avoid these
notations to emphasize that contraction and extension are dependent on the homomorphism ¢.

(11) Extension and Contraction of Ideals. Let ¢ : R — S be a homomorphism of rings. Let I c R and
J c S be ideals.

(a) Prove that ¢"1(J) is an ideal of R.
(b) Give an explicit example showing that ¢(I) S need not be an ideal.
(c) Prove that I < ¢~ H(¢p(I)S).



(d) Let ¢p: Z — Z/(6) be the natural quotient map and let I = (0) c Z. Explicitly describe J = ¢(I)(Z/{6))
and ¢~1(J). Show that I C ¢~ 1(J). Thus, the inclusion in the previous part can be strict.

(e) Prove that ¢p(¢p~N(J)S c J.

(f) Let ¢ : Z — Z[x] be the inclusion map and let J = (x)  Z[x]. Explicitly describe I = ¢~1(J) and
¢(I)Z[x]. Show that ¢(I)Z[x] C J. Thus, the inclusion in the previous part can be strict.

(g) Prove that if J c S is prime then the contraction ¢~1(J) c R is prime.
(h) Give an example showing that if J c S is maximal the contraction ¢~1(J) c R need not be maximal.
(i) Give an example showing that if I c R is prime then the extension ¢(I)S < S need not be prime.

(G) Let ¢: R — S be an injective ring homomorphism. Prove that

oW J)=JNR and ¢S =IS.

As we saw in the previous exercise, in general, extension and contraction are far from being inverse
operations: ¢~ 1(¢p(I)S) may strictly contain I, and ¢(¢p~1(J))S may be strictly smaller than J. In the
case of localization, extension and contraction along the canonical localization map n: R — U 'R sending
r — r/1 have very nice forms. For an ideal I c R the extension along 7 is

nD(UR)=UT:={> | rel,ucU}cU'R.
u
For an ideal J c UIR the contraction along 7 is:

NN ={reR | geJ}.

Although the extension—contraction correspondence remains lossy for arbitrary ideals, it becomes per-
fectly behaved for prime ideals. If  c U'R is a proper ideal, then no element of U can lie in its contrac-
tion. (This is because { is a unit in U~'R for every u € U.) Thus every prime ideal of U"'R contracts to
a prime ideal of R which is disjoint from U. Conversely, if p c R is a prime ideal disjoint from U, then its
extension

U_lp:{z | rep, uEU}

u

is a prime ideal of U™'R. In fact, extension and contraction give an order-preserving bijection
{prime ideals of U 'R} — {p € Spec(R) | pnU = ¢}.

Under this correspondence, a prime ideal q < U™!R is sent to its contraction n~1(q), and a prime ideal
p c R disjoint from U is sent to its extension U 1p.

This is especially important in the two basic examples above. If U = R \ p, then the prime ideals of R,
correspond exactly to the prime ideals of R contained in p. If U = {1,f,f2,...}, then the prime ideals of
R[%] correspond exactly to the prime ideals of R which do not contain f.



(12) Ideals and Localization. Let R be a ring, let U c R be a multiplicatively closed set, and let n: R —
U~IR be the localization map.

(a) Let I <R be an ideal. Prove that U1 := {5 | rel, ueU}is an ideal of UT1R.
(b) Prove that U1 is the extension of I along the localization map : R — U 'R.
(c) Prove that U"'I =U 'R ifand only if InU # @.
(d) Prove that - € U~'I if and only if ¢r € I for some ¢t € U.
(e) Deduce that the contraction of U~1I back to R is
n U D={reR | trel for some teU}.
() Let R=7 and U ={1,2,4,8,...}. If I = (6), compute U '] c U~'Z and its contraction back to Z.
Show that I C n~1(U1I).
(g) Let R=Z and U = Z\ (2). If I = (6), compute U~ 1I c Z 9y and its contraction back to Z.

(h) Let R =K[x,yland U = {1,x,22,...}. For each of the ideals (x), (y), and (x,y), describe its extension
to R[%]. Which of these ideals become the whole ring after localization?

(13) Prime Ideal Correspondence for Localization. Let R be a ring, let U ¢ R be a multiplicatively
closed set, and let : R — U 'R be the localization map.

(a) Let qc U'R be a prime ideal. Prove that n71(q) is a prime ideal of R and that n"1(q)nU = @.

(b) Let p < R be a prime ideal such that pnU = @. Prove that U~ !p is a proper prime ideal of U"'R.
Hint: Use the criterion from the previous exercise for when a fraction belongs to U~ 1p.

(c) Let p < R be a prime ideal such that pnU = @. Prove that the contraction of U~ !p is p.
(d) Let qcU ~1R be a prime ideal. Prove that the extension of its contraction is again q, i.e.
U Y =q.

Hint: If - € U~ 'R, then ~ € qif and only if § € g, since T is a unit.

(e) Conclude that extension and contraction give an order-preserving bijection
Spec(U™'R) — {p € Spec(R) | pnU = ¢}.

(f) Specialize to the case U = R \ p. Prove that the prime ideals of R}, correspond to the prime ideals

of R contained in p.

(g) Specialize to the case U = {1, f, f2,...}. Prove that the prime ideals of R[%] correspond to the prime
ideals of R which do not contain f.

(h) Describe the prime ideals of Z(,) for a prime number p.



Localization is not limited to rings: we can also localize modules in essentially the same way. Let R be a
ring and let M be an R-module. If U c R is a multiplicatively closed subset, we want to build a new module
U~'M by formally dividing elements of M by the elements of U. The elements of U~'M are fractions -,
where m € M and u € U. So the numerators come from the module M, while the denominators come from
the set U which lives in the ring. Of course, we must introduce a criterion of when two fractions 'L'Z—ll and
m o . .

u—; are equal. Just as when localizing a ring we say

mi1 _ my

— === inU'M < t(ugmi—uimg)=0 in M for some t € U
ui  us

The factor of ¢ € U is needed in order to ensure this is a transitive relation. Define addition on UM by

mi1 mo miug+mouq

Ui Uz Uiuz

which makes UM into an abelian group where the identity is 0/1. The abelian group UM has the
structure of both an R-module and a U 'R-module. The R-module structure and the U ' R-module struc-
ture are given by

my rm r\(m rm

)
uirj\uz uiug

respectively. These module structures are compatible: the R-module structure on U 1M is the one ob-

tained from the U ~'R-module structure by restriction of scalars along the localization map n: R — U 'R.

In general, if ¢ : R — S is any ring homomorphism and N is an S-module, then N becomes an R-module
by defining rn := ¢(r)n for r € R and n € N. This construction is called restriction of scalars. One checks
immediately that this gives N a well-defined R-module structure, since ¢ preserves addition, multiplica-
tion, and the identity. In our situation, the localization map n: R — U~ 'R is defined by n(r) = /1. Since
UM is a U"'R-module, restriction of scalars along n gives U~'M an R-module structure via

m m r m rm
re— = rl(r) — == = —
u u 1 u u
which is exactly the R-module structure we defined above. So there is really only one module structure at
play: the U 'R-module structure is the fundamental one, as the R-module structure is inherited from it.

Just as the localization of a ring is characterized by a universal property, so is the localization of a module.
There is a natural R-module homomorphism 137 : M — U~1M given by m — 2, which we call the localiza-
tion map. Note that the target UM carries a U 'R-module structure, and in particular every element
of U acts invertibly on U~ M: for any u € U, multiplication by u/1 € U™!R is an isomorphism with inverse
given by multiplication by 1/u. The pair U 1M and ny; satisfies the following universal property: Let N
be any U~ !R-module, viewed as an R-module by restriction of scalars along n: R — U~ 1R. Then for every
R-module homomorphism ¢ : M — N, there exists a unique U~!R-module homomorphism ¢ : UM — N



such that the following diagram commutes:

—— UM

M nm U;
gbl e
o0
i
N

(14) Constructing U 'M. Let R be a ring, U c R a multiplicatively closed set, and M be an R-module.
Define a relation on M x U by (m1,u1) ~ (mg,us) if and only if t(mius —mgoui) =0 in M for some t € U.

(a) Prove that ~ is an equivalence relation on M x U.

(b) Let % denote the equivalence class of a pair (m,«) under the equivalence relation ~ defined in the

previous part. Prove that the operation:
mi mg miug+mau]

ui uz Uuiuz

is well-defined. Show that this makes U~'M an abelian group.

(c) Show that the operations

m rm r m rm
BT ()
u u uil u9g uiug

are well-defined. Deduce that U 1M has the structure of both an R-module and a U~ !R-module.
(d) Let ny : M — U~1M be the function m — 7. Show that 1)/ is an R-module homomorphism.

(e) Prove that np;(m) =0 if and only if um = 0 for some u € U. Deduce that 1y, is injective if and only
if no element of U acts as a zero-divisor on M.

(15) Examples of Localizing Modules. Discuss ways to explicitly understand U 'M in each of the
following cases. Describe the natural map M — U~'M and determine whether it is injective.

(a) R=7Z,U=7Z\{0},and M =Z. (e) R=K[x], U ={1,x,x2,...}, and M = R/{(x®).
() R=2,U=1{1,2,4,8,..}, and M = Z. (0 R =Kx], U =R\ (x), and M = R/(x’).

(g R=Klx,yl,U=1{1,y,y%,...}, and M = R/{(xy).
)R=7,U={1,2,4,8,...}, and M = Z/{6).

(h) R is an arbitrary ring, M is an R-module, and
d) R=27,U=7\{2), and M = 7/{6). U contains an element u such that uM =0.

(16) Universal Property of U 'M. Let R be a ring, let U c R be a multiplicatively closed set, and let M
be an R-module. Let N be a U~'R-module, which we view as an R-module via the localization map
n:R—U"'R. Let w: M — N be an R-module homomorphism.

10



(a) Define a function ¢ : UM — N by Y} = %w(m). Prove that v is well-defined.
(b) Prove that 1 is a homomorphism of U ~!R-modules.

(c) Show that ¥ makes the following diagram commute:

M s yim

1.7

N

(d) Prove that 1 is the unique U ~'R-module homomorphism making the diagram commute.

(e) Deduce that UM is unique up to unique isomorphism as a U~'R-module satisfying this univer-
sal property.

(17) UM as a Tensor Product. Let R be a ring, U c R be a multiplicatively closed set, and let M be an
R-module. We view U 'R as an R-module via the localization map n: R — U 'R.

(a) Show that the function given below is a well-defined bilinear map of R-modules:

URxM —% s U-M

(b) Use the universal property of tensor products to construct an R-module homomorphism « : U 'R®p
M —U~'M. Find a formula for a (Z @ m).

(c) Show that the function f given below is a well-defined R-module homomorphism:
UM —2 5 U'RegM
I P
(d) Prove that a and B are mutual inverses. Conclude that UM =U~'R @ M as R-modules.

(e) Deduce that U"1(R™) = (U1R)" as U 'R-modules.

() If f : M — N is an R-module homomorphism, define a natural U 'R-module homomorphism
U lf:U M —U"IN. What is its formula on fractions?
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