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1. Introduction

Castelnuovo-Mumford regularity of coherent sheaves on a projective variety is a
measure of complexity in terms of the vanishing of sheaf cohomology. Its geometric sig-
nificance has been studied extensively for projective spaces [43], abelian varieties [46,47],
Grassmannians [17], and smooth projective toric varieties [42], and it has been crucial
in the construction of Hilbert and Picard schemes [39]. In many of these cases regularity
is connected to minimal free resolutions and syzygies of graded modules [44,12].

Consider the case of a single projective space. Let S be the polynomial ring on n + 1
variables over an algebraically closed field k and m its maximal homogeneous ideal.
A coherent sheaf F on P"™ = Proj S is d-regular for d € 7Z if

(1) HY(P", F(b)) =0 for all i >0 and all b > d — 1.

The Castelnuovo-Mumford regularity of F is then the minimum d such that F is
d-regular. In [26], Eisenbud and Goto considered the analogous condition on the local
cohomology of a finitely generated graded S-module M, proving the equivalence of the
following:

(2) Hi (M), =0 for all i >0 and all b > d — i;
(3) the truncation M>4 has a linear free resolution;
(4) Torf (M, k), = 0 for all i > 0 and all b > d + i.

In particular, conditions (1) through (4) are equivalent when M = @, H°(P", F(p)),
the graded S-module corresponding to F, so that HO(M) = HL(M) = 0 (cf. [27,
Prop. 4.16]).

In [42], Maclagan and Smith introduced the notion of multigraded Castelnuovo—
Mumford regularity for finitely generated Pic(X)-graded modules over the Cox ring
of a smooth projective toric variety X. In essence their definition is a generalization of
conditions (1) and (2). In this setting the multigraded regularity of a module is a subset
of Pic X rather than a single integer. When X = IP” the minimum element of this region
is the classical regularity.

In the multigraded case, translating the geometric definition of Maclagan and Smith
into algebraic conditions like (3) and (4) above has been an open problem. In this di-
rection, Maclagan—Smith and later Berkesch—Erman—Smith demonstrated connections
between multigraded regularity and the existence of virtual resolutions with certain
twists in [42, Thm. 7.8] and [9, Thm. 2.9]. In a more general setting, Botbol-Chardin
sharpened the relationship between local cohomology and multigraded Betti numbers
[3, Thm. 4.14]. More recently, Brown-Erman explored different notions of linearity for
weighted projective spaces [6] in relation to Green’s N,-conditions and Benson’s weighted
regularity [8].
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In this article we focus on the case when X is a product of projective spaces and
establish a tight relationship between multigraded regularity, truncations, Betti numbers,
and virtual resolutions. Our main results strengthen and clarify previous work in a
number of directions: First, we extend the equivalence of (2) and (3) by modifying
the notion of a linear resolution. Second, we prove a uniqueness theorem for virtual
resolutions considered in [9, Thm. 2.9] and use it to show that they are precisely the
minimal free resolutions of truncated modules. Finally, we provide an effective method for
determining whether a specific element d € Pic X lies in reg(M) without a cohomology
computation.

1.1. Truncations and multigraded reqularity

The obvious way one might hope to generalize Eisenbud and Goto’s result to prod-
ucts of projective spaces is false: the truncation Mx>q of a d-regular multigraded module
M can have nonlinear maps in its minimal free resolution (see Example 4.2). We show
that under a mild saturation hypothesis, multigraded Castelnuovo-Mumford regularity
is determined by a different linearity condition, which we call quasilinearity (see Defini-
tion 4.3).

Let S be the Z"-graded Cox ring of P™ := P™ x -.- x P™ and let B be the irrelevant
ideal. The definition of quasilinearity is inspired by the criterion from [9, Thm. 2.9]. As
an example, on a product of two projective spaces the following complex contains all
allowed twists for a quasilinear complex generated in degree zero:

S(—=2, 0)
S(-1, 0) & S(—2,-1)
0¢— 5 @ @ S(—1,-1) +— S(-1,-1) & @ —
S(0,-1) @ S(—1,-2)
S( 0,-2)

Within each term, the summands in the left column (green) are linear syzygies while those
in the right column (pink) are nonlinear syzygies. In general, for twists —b appearing in
the i-th step of a quasilinear complex, the sum of the positive components of b —d — 1
is at most ¢ — 1, where d is the degree of the generators in the first term.

Our main theorem characterizes multigraded regularity of modules on products of
projective spaces in terms of the Betti numbers of their truncations. Note that the
condition H% (M) = 0 is automatic if M is the module associated to a sheaf on P™.

Theorem A. Let M be a finitely generated 7" -graded S-module such that H%(M) = 0.
Then M is d-regular if and only if the minimal free resolution Fy of M>gq is quasilinear
and Fy is generated in degree d.

The proof of Theorem A is based in part on a Cech-Koszul spectral sequence that
relates the Betti numbers of M>q to the terms of the Beilinson spectral sequence
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which computes the Fourier—-Mukai transform of M (d). Precisely, if M is d-regular and
HY% (M) = 0 we prove

dimy, Tors (Msq,k)ata = /2177 (PP, M(d) ® Q3a(a)) for [a] > j >0, (1.1)

where (23, is a product of cotangent sheaves. The regularity of M implies certain coho-
mological vanishing for M (d) ® Q8. (a), which, using (1.1), implies quasilinearity of the
resolution of Msq. Conversely, building upon [9, Thm. 2.9], a computation of H5(S)
in Section 4.2 shows that the cokernel of a quasilinear resolution generated in degree d
is d-regular. Thus we give a criterion for regularity in degree d that is computable in
practice.

Since free resolutions of M>q are virtual resolutions of M, the equality of Betti num-
bers from (1.1) naturally suggests that the virtual resolutions exhibited in [9, Thm. 2.9]
are precisely the minimal free resolutions of the truncations of M. We prove this to be
true by establishing the following uniqueness theorem for virtual resolutions with terms
in a full strong exceptional collection.

Theorem B. Suppose Fy and G, are two wvirtual resolutions of the same S-module.
If Fy and G4 have no unit maps and their terms are direct sums of S(—a) for 0 < a < n,
then they are isomorphic.

Our proof of Theorem B reduces the problem to the uniqueness of quasi-isomorphic
minimal projective complexes over certain graded associative algebras, using established
techniques from the theory of derived categories in algebraic geometry and the represen-
tation theory of finite-dimensional algebras.

Finally, note that since a linear resolution is necessarily quasilinear, having a linear
truncation at d is strictly stronger than being d-regular. That is, when H% (M) = 0:

M>q has a linear resolution
generated in degree d

M>q has a quasilinear resolution

- generated in degree d

<= M is d-regular.
Despite not fully characterizing multigraded regularity, having a linear resolution after
truncation remains a useful condition. In Theorem 6.2, we use (1.1) to get a cohomolog-
ical characterization of when M>q has a linear resolution. Understanding the geometric
implications of linearity on toric varieties is an active area of research [4-6].

1.2. Betti numbers and multigraded regularity

Unlike in the case of a single projective space, the multigraded Betti numbers of a
module M, that is ;b (M) = Torf (M, k)p, do not determine its multigraded regularity.
For instance, in Example 5.1 we construct two modules with the same multigraded Betti
numbers but different multigraded regularities. Hence the Betti numbers of M also do
not determine the Betti numbers of M>g4. Still, we can intersect combinatorially defined
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Fig. 1. The top row shows the regions L;(1, 2) in green, and the bottom row Q;(1,2) in pink, for ¢ = 0,1, 2, 3,
from left to right, as defined in Section 2.1.

regions L;(b) and Q;(b) (see Fig. 1) to specify a subset of the degrees d € Z" where
M>q has a linear or quasilinear minimal free resolution generated in degree d.

Theorem C. Let M be a finitely generated 7" -graded S-module.

(1) Ifd € ﬂ Qi(b) then Mxq has a quasilinear resolution generated in degree d.
i€IN
beB; (M)

(2) Ifd € ﬂ L;(b) then M>q has a linear resolution generated in degree d.

i€N
bep; (M)

Here we set B;(M) = {b € Z" | Tory (M, k), # 0}, the degree support of Tors (M, k).

On a single projective space the regions L;(b) and @Q;(b) coincide, so we recover
condition (4) of Eisenbud-Goto. Our proof of Theorem C is based on the observation
that we can construct a possibly nonminimal free resolution of M>q from the truncations
of the terms in the minimal free resolution of M.

A number of inner' bounds on the multigraded regularity of a module in terms of its
Betti numbers exist in the literature. For example, [42, Cor. 7.3] used a local cohomology
long exact sequence argument to deduce such a bound. These methods were extended in
[3, Thm. 4.14] using a local cohomology spectral sequence. Our bound in Theorem C is
generally larger and thus closer to the actual regularity than these results.

Moreover, Theorem C is sharp in a number of examples. For instance, we use Theo-
rem A to show that the containment in (1) is equal to the regularity for all saturated
ample complete intersections, meaning those determined by ample hypersurfaces.

1 We use the terms inner and outer bound since in general there is no total ordering on reg(M) when
Pic X # Z. For a single projective space an inner bound corresponds to an upper bound and an outer bound
to a lower bound.
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Theorem D. Suppose {f1,..., fe) C B is a saturated complete intersection of codimension
cin S, so the affine subvariety defined by it contains the irrelevant locus V(B). Then

S C
reg rr———y = Qe (;degﬁ> :

Note that on a product of projective spaces the intermediate cohomology of a complete
intersection does not necessarily vanish. Even the local cohomology of a hypersurface in a
product of projective spaces is not determined by its degree [3, Sec. 4.5]. Thus computing
the multigraded regularity of complete intersections on products of projective spaces is
more complicated than in the case of a single projective space.

Our work highlights a pattern in the literature: many classical results connecting the
geometry of projective varieties and homological algebra do not have straightforward
generalizations to other toric varieties. When such generalizations do exist they often
highlight surprising and subtle connections between geometry and algebra. See for in-
stance other work on multigraded regularity [42,36,48,49,29,19,3,20], Tate resolutions
[24,7], virtual resolutions [9,40,51,10,32], and syzygies [34,33,31,15,16].

Outline

The organization of the paper is as follows: Section 2 gathers background results and
fixes our notation. Section 3 proves the uniqueness of virtual resolutions consisting only
of certain twists, in Theorem 3.5. Section 4 proves our main result, characterizing multi-
graded regularity in terms of quasilinearity of resolutions of truncations, in Theorem 4.6.
Section 5 relates multigraded regularity to Betti numbers, by describing the Betti num-
bers of truncations in Theorems 5.4 and 5.5 and computing the multigraded regularity of
a class of complete intersections in Theorem 5.9. Section 6 sharpens our theorems in the
case of linear truncations. Finally, Section 7 summarizes our results about the regions
defined by truncations, Betti numbers, and multigraded regularity.
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2. Notation and background

Throughout we denote the natural numbers by N = {0,1,2,...}. When referring to
vectors in Z" we use a bold font. Given a vector v = (vy,...,v,) € Z" we denote the
sum vy + -+ + v, by |v|. For v,w € Z" we write v < w when v; < w; for all i, and
use max{v,w} to denote the vector whose i-th component is max{v;, w;}. We reserve
ey, ...,e, for the standard basis of Z" and for brevity we write 1 for (1,1,...,1) € Z"
and O for (0,0,...,0) € Z".

Fix a Picard rank r € IN and dimension vector n = (nq,...,n,) € IN". We denote by
P the product P™* x --- x P™ of r projective spaces over a field k. Given b € Z" let

OIP“ (b) = ’ﬂ'TO]PTq (bl) R ’/T:OIPHT (br)

where 7; is the projection of P™ to P™i. This gives an isomorphism Pic P™ = Z", which
we use implicitly throughout.

Let S be the Z"-graded Cox ring of P™, which is isomorphic to the polynomial ring
kiz;; |1 <i<r, 0<j<n;] where deg(x; ;) = e; for each i and all j. Further, let B =
Mie1{i0,Ti1,s - Tin;) C S be the irrelevant ideal. For a description of the Cox ring and
the relationship between coherent Opn-modules and Z"-graded S-modules, see [22,18].
In particular, the twisted global sections functor I'. given by F — @ ¢z~ HO(P™, F(p))
takes coherent sheaves on P™ to S-modules. Given a Z"-graded S-module M, we write
Torf(M, k)p for the degree b part of the module Torf(M, k) and use the notation
Bi(M) = {b € Z" | Tor(M,k)y # 0} for the set of multidegrees of i-th syzygies of M.

2.1. Multigraded regularity

In order to streamline our definitions of regions inside the Picard group of P™, we
introduce the following subsets of Z": for d € Z" and i € IN let

Li(d) = [J (d=Mer—- = M\e, +N)  for Ap,...,\ €N
|\|=i

Qi(d)=L;_1(d—1) fori>0 and Qy(d)=d+N".

Note that for fixed d € Z" we have L;(d) C Q;(d) for all 3.
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Example 2.1. When r = 2 the regions L;(d) and @;(d) can be visualized as in Fig. 1.
For ¢ > 1 they are shaped like staircases with ¢4 1 and ¢ “corners,” respectively; in other
words L;(d) contains ¢ + 1 minimal elements and Q;(d) contains 1.

Remark 2.2. An alternate description of L;(d) will also be useful: it is the set of b € Z"
so that the sum of the positive components of d — b is at most 7. (This ensures that we
can distribute the A; so that b+ >, A\je; > d.)

With this notation in hand we can recall the definition of multigraded regularity.

Definition 2.3. [12, Def. 1.1] Let M be a finitely generated Z"-graded S-module. We say
M is d-regular for d € Z" if the following hold:

H%(M)p =0 forall p € Ulgjgr (d+e; +IN7),
H5(M)p=0foralli>0and p € L;—1(d).

—_~
DN
~— —

The multigraded Castelnuovo—Mumford regularity of M is then the set
reg(M) == {d € Z" ‘ M is d-regular} C PicP™ = Z".

It follows directly from the definition that if M is d-regular, then M is d’-regular for
all d’ > d. For other properties of multigraded regularity, such as regularity of S, see [42].

Remark 2.4. Several alternate notions of Castelnuovo-Mumford regularity for the multi-
graded setting exist in the literature. The initial extension was introduced by Hoffman
and Wang for a product of two projective spaces [36]. Following Maclagan and Smith’s
definition, Botbol and Chardin gave a more general definition working over an arbitrary
base ring [3]. Recently, in their work on Tate resolutions on toric varieties, Brown and
Erman introduced a modified notion of multigraded regularity for a weighted projective
space, which they then extended to other toric varieties [7, §6.1].

2.2. Truncations and local cohomology

In this section we collect facts about truncations and local cohomology that will be
used repeatedly. As in the case of a single projective space, the truncation of a graded
module on a product of projective spaces at multidegree d contains all elements of degree
at least d.

Definition 2.5. For d € Z" and M a Z"-graded S-module, the truncation of M at d is
the Z"-graded S-submodule M>q = @d’Zd My .

Immediate from the definition is the following lemma.
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Lemma 2.6. The truncation map M — M>q is an exact functor of Z" -graded S-modules.

Remark 2.7. Since truncation is exact, if F, is a graded free resolution of a module M
then the term by term truncation (F,)>q is a resolution of the truncation M>q. However,
in general the truncation of a free module is not free, so (Fs)>a is generally not a free
resolution of M>q4.

We denote by H% (M) the p-th local cohomology of M supported at the irrelevant
ideal B. For p > 0 and a € Z" there exist natural isomorphisms

H? (Pn’ M(a)) = H]ngl(M)av

and for p = 0 there is a Z"-graded exact sequence

0 — HY(M) —— M —— T'.(M) —— Hx(M) —— 0. (2.1)
An important tool for computing local cohomology is the local Cech complex

C*(B,M): 0 —— M —— @ Mlg; '] — @ Mg, ",g;'] — -~
where the g; range over the generators of B. We index the local Cech complex so that
the summands of CP(B, M) are localizations of M at p distinct generators of B. Then

HY(M) = HP(C*(B, M)).

See [37] and [18, §9] for more details.

Note that inverting a generator of B inverts a variable from each factor of P™, so the
distinguished open sets corresponding to the generators of B form an affine cover g of
P™. Denote by C*(8p, F) the Cech complex of a sheaf F with respect to $ip:

v

C*(Up, F): 0 — PF

ﬂL%@}—

;N4 R

Lemma 2.8. Given a complex of graded S-modules L — M — N such that L—M-—N
is exact, the complex CP(B, L) — C?(B, M) — C?(B, N) is ezact for each p > 0.

Proof. Fix p. Then the sequence C?(B, L) — CP(B, M) — C?(B, N) splits as a direct
sum of complexes

L[gfl,...,g;:l]—>M[gf1,...,gp_1]—>N[gf1,...,gp_1]

each of which can be obtained by applying I'(U, —) to L — M — ]v, where U is the
complement of V(g1,...,gp). Since U is affine they are exact. O
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Since M /M>q is annihilated by a power of B, a module M and its truncation define
the same sheaf on P™. In particular H} (M) = H%(M=gq) for p > 2. The long exact
sequence of local cohomology applied to 0 — M>q — M — M/M>q — 0 gives

0 — H%Y(M>q) — HY(M) — M/M>q — HL(M>q4) — H5(M) — 0.

Hence H% (M) = 0 implies H%(M>q4) = 0. Since M/M>gq is zero in degrees larger than
d we also have H;(M>q4)>a = H5(M)>a. An immediate consequence is the following
lemma, which we will use repeatedly to reduce to the case when d = 0.

Lemma 2.9. A Z"-graded S-module M is d-regular if and only if M>q is d-regular.
2.3. Koszul complexes and cotangent sheaves

For each factor P™ of P™, the Koszul complex on the variables of S; = Cox P"™ is a
resolution of k:

Ki0 e S e SP=1) « N [Spr )] e AT ISP (1)) 0. (22)

The Koszul complex K, on the variables of the ring S is the tensor product of the
complexes 7} K.

For 1 < a < n; let O, be the kernel of A®~! [SPT (—=1)] « A [S7 ! (~1)] and
let Q%,, denote its sheafification. The minimal free resolution of Q%,, then consists of
the terms of K! with homological index greater than a. Write Q?Pni for the kernel of
k + S; (so that Q%,., = Opn;) and take Q&.,, to be 0 if a ¢ {0,...,n;}. For a € Z" with
0 < a < n define

a ar
3, =m0, ©- - @10y,

and write Q%n for the analogous tensor product of the modules Q?P’n
Given a free complex F, and a multidegree a € Z", denote by FS2 the subcomplex
of F, consisting of free summands generated in degrees at most a.

Lemma 2.10. Fiz a € Z" and let K, be the Koszul complex on the variables of S. The
subcomplex K=2 is equal to Ko in degrees < a, and its sheafification is exact except at
homological index |al|, where it has homology Q3.

Proof. The first statement follows from the fact that the terms appearing in K, but not
K.Sa have no elements in degrees < a.
Note that K is a tensor product of pullbacks of subcomplexes of the K in (2.2):

K3t =i (K=" @ @ m (K="
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After sheafification, each complex 7} (K:)S% is exact away from its kernel w7 Qgh, at
homological index a;. Thus K=? has homology Q8. appearing in index |a|. O

3. Uniqueness of virtual resolutions

In this section we characterize a class of virtual resolutions, as defined by Berkesch,
Erman, and Smith, for graded modules over the Cox ring S of a product of projective
spaces P™, which consist only of certain twists depending on the dimension vector n.
We will prove in Theorem 3.5 that such virtual resolutions are unique up to isomorphism
of complexes. In particular, Proposition 3.2 uses the Fourier-Mukai transform from [9,
Thm. 2.9] to construct a free monad for M, which will be a virtual resolution of this
form when M is O-regular. In Section 4.1 we will use our uniqueness theorem to prove
that this virtual resolution is isomorphic to the minimal free resolution of M>q.

While a minimal free resolution F, of an S-module M can be easily computed using
Grobner methods whenever S is the Cox ring of a smooth projective toric variety X, the
complex F, does not provide a faithful reflection of the geometry of M even in the case
X = P™. For example, when the Picard rank of X is greater than one, the length of F,
generally exceeds dim X. To bridge this gap, Berkesch, Erman, and Smith introduced
virtual resolutions in [9].

Definition 3.1. A Pic(X)-graded complex of free S-modules G, is a virtual resolution of
a module M if the complex of Ox-modules G, is a locally free resolution of the sheaf M.

Virtual resolutions have advantages over ordinary free resolutions, for instance in
achieving better analogues of Hilbert’s syzygy theorem (e.g. [51,32]), reflecting the van-
ishing of sheaf Tor and Ext [10, Cor. 5.2 and 5.8], and distinguishing sheaves represented
by the same module over toric varieties with the same Cox ring. However, virtual reso-
lutions are often less rigid: there are many non-isomorphic virtual resolutions for each
module M.

We are interested in virtual resolutions arising from a Fourier—-Mukai functor whose
output is a complex concentrated from homological index —dim X to dim X. Following
[24, §8], we define a free monad of a coherent sheaf F to be a finite complex

L0+ L g4+ L 1+ Lo+ L14--L4+0

whose terms are direct sums of line bundles and whose homology is He (L) = Hy(L) ~ F.
Though there are many references on Fourier—Mukai transforms as functors between
derived categories, for our purposes we need a rigorous construction of a specific repre-
sentative of the output complex up to homotopy. Thus we include in Appendix A the
details of the Beilinson spectral sequence behind the construction below.
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Proposition 3.2. Let M be a finitely generated Z." -graded S-module. There is a free monad
L for M with terms Ly, = @ Opn(—a) @ H&=F(P? M @ Q8. (a)) so that
la| >k

(1) the free complex Go = T'.(L) has Betti numbers By.a(Ga) = hl2l=#(P", M@Qan(a));
(2) if H(P™,M @ Q2.(a)) =0 for i > |a| then G, is a virtual resolution for M whose
differentials have no unit maps.

Proof. Let IC be the resolution of the diagonal from (A.1) and let ®x be the correspond-
ing Fourier-Mukai transform. The first page E; 5! of the Beilinson spectral sequence
after taking homology vertically is:

R2p, ("M @ Ko) + R?p.(¢"M @Ky) — R2p. ("M ©Ky) < -
" B

1pu(q" M @Ko) +— Rip (¢ M@ K) — Rlp. ("M @Ks) —
D (q*]\\IX Ko) — D (q*jv[(XlCl) - [)X(Q*\\[%Kg)%

I
I
|
I
I
|
I
I
|
I
I
|
I
I
|
I
3
k;O 7777777777777777 k;x 77777777777777777 k;ﬂ 7777777777777777777777777

The vertical complexes of Ey in (A.2) are sheaves tensored with complexes of vector
spaces that are global sections of Cech complexes, so they satisfy the splitting hypotheses
of [25, Lem. 3.5], which implies that the total complex of E, is homotopy equivalent to
a complex £ with terms L =@, ,_, Ef”. Hence

L ~ Tot(Ey) = ®xc(M) ~ M.

Since each term in Fj is a sum of line bundles, the complex £ is a free monad for M.

Observe that the only terms with twist a appear in Ks for s = |a| and that the
Betti numbers in homological index k& come from the higher direct images £ >t on
diagonals with s — t = k. Hence S (G,) is the rank of Ops(—a) in E; *"217% which is
hlal=k(Pn M @ O3, (a)).

Lastly, note that the hypothesis of part (2) implies that the terms of (3.1) on diagonals
with k < 0 vanish; hence the free monad L is a locally free resolution. Since each map
in the construction from [25, Lem. 3.5] increases the value of —s, the differentials in G,
have no degree 0 components. O

Remark 3.3. In the proof of [9, Prop. 1.2], Berkesch, Erman, and Smith show that if M
is sufficiently twisted so that all higher direct images of M® 02..(a) vanish, then the
E, page will be concentrated in one row, which results in a linear virtual resolution.
Similarly in [24, Prop. 1.7], Eisenbud, Erman, and Schreyer prove that for sufficiently
positive twists, the truncation of M has a linear free resolution. However, in both cases
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the positivity condition is stronger than O-regularity for M, as illustrated by the following
example.

Example 3.4. Write S = k[xg, 21,90, Y1, y2] for the Cox ring of P! x P? and consider the
ideal T = (yo+y1 + Y2, x1y2). Then M = S/I is a bigraded, (0, 0)-regular S-module. The
global sections of the Beilinson spectral sequence for M has first page

0 0 — S(—1,-1) 2T g1 2) 0
9311/2 iy o
S e 5(0,-1) 0 0 0

where the dotted diagonal maps are lifts of maps from the second page of the spectral
sequence, which agree with the maps from [25, Lem. 3.5].

In the next section we state and prove Theorem A by making explicit the restrictions
on the virtual resolution above that follow from the regularity of M and using them to
bound the shape of the minimal free resolution of a truncation of M. In a sense, we
will characterize d-regularity by showing that this virtual resolution is isomorphic to the
minimal free resolution of M>q. To do so we will need the following uniqueness theorem
for virtual resolutions which consist only of twists in Beilinson’s exceptional collection
(see Example 4.7).

Theorem 3.5. Suppose Fy and Go are two virtual resolutions of the same S-module.
If Fy and G have no unit maps and their terms are direct sums of S(—a) for0 < a <mn,
then they are isomorphic.

The proof uses the tilting bundle £ = @,_, Opn(—a) from Beilinson’s exceptional
collection and the induced equivalence of categories described in Section A.3 to reduce
the question to the uniqueness of minimal projective resolutions over the endomorphism
algebra A = End(£). Another ingredient of the proof is that the functor Hom(&, —) is
exact on the class of free monads constructed in Proposition 3.2, and moreover that
we may apply the functor RHom(E&, —) from (A.4) term-wise on locally free resolutions
in this class to yield projective resolutions. See [50, §2.5] for terminology on derived
categories and acyclic classes.

Lemma 3.6. Let L be a complex whose terms consist of summands of €. Then

(1) if L is a free monad then Hom(&, £) = RHom(E, £) ~ RHom(E, Hy(L));
(2) if L is a resolution then Hom(E, L) is a projective resolution of an A-module.

Proof. Since summands of £ form a strong exceptional sequence and each L£; consists
of summands of & we have R"Hom(&,L£;) = 0 for i # 0. Hence £ is F-acyclic for
F = Hom(&, —) and the hypercohomology spectral sequence
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E~7" = R"Hom(&, L;) = RHom(E, £)

degenerates on the first page to Hom(&, £). Moreover, since RHom preserves quasi-
isomorphisms

Hom(&, £) = RHom(E, £) ~ RHom(E, Hy(L)).

Thus we can apply the functor RHom(&, —) from (A.4) by applying Hom(&, —) on such
free monads term-wise.

For the second part, recall that each RHom(E, £;) is a projective A-module and
suppose the free monad £ has homology He(L) = Ho(L) = G. Thus the projective
complex Hom(E&, £) is quasi-isomorphic to an A-module if

H;(Hom(&, £)) = R*Hom(&,G) = 0 for i # 0.

To see that this vanishing holds when L is a locally free resolution we induct on its
length: the long exact sequence for Hom(E, —) applied to the length 1 resolution

0+ G« Lo+ L1+0

implies that R‘ Hom(€,G) = R Hom(&, £1) = 0 for i # 0. If £ has length £, break it
into a short exact sequence and a length ¢ — 1 resolution

0 G+ Ly+—G 0 and 0 G L1 -+ L;, 0.

Then by the inductive hypothesis R Hom(&,G’) = 0 for i # 0, so R Hom(&,G) = 0 for
1 # 0 using the short exact sequence. Thus when L is a locally free resolution as above,
Hom(&, £) ~ RHom(E, G) is a projective resolution of an A-module. 0O

Proof of Theorem 3.5. Consider the (non-commutative) diagram

Ch* (Coh(X)) 27} Ch® (mod—A)

| |

DP(x) BEET) L pbnod—A).

Using Lemma 3.6(1) this diagram commutes for free monads in Ch®(Coh(X )); hence we
may compute the functor RHom(&, —) from (A.4) by applying Hom(&, —) to F, and G,.
This yields quasi-isomorphic minimal complexes of A-modules Cy and Dy, respectively,
which by Lemma 3.6(2) are projective. Hence derived maps in D" (mod—A) between C,
and D, lift to maps of complexes.

Thus there are quasi-isomorphisms f: Cy — Do and g: Dy — C, with homotopies

fg—idp =dph+hdp and g¢gf —idec = dch' + Rh'dc.
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Since the differential dp is minimal, fg—idp = dph+ hdp is minimal, so an application
of Nakayama’s lemma [23, Lem. 3.2.4] shows that fg is surjective. By the analogous
argument on the other chain homotopy g f is also surjective. Since a surjection of finite-
dimensional vector spaces is injective, both fg and gf, and hence both f and g, are
isomorphisms.

Since C, and D, are projective, applying the reverse equivalence — @ € to f gives an
isomorphism of complexes of O x-modules Fy — G, as desired. Finally, since Fy and G,
are free complexes, applying the twisted global sections functor I', yields an isomorphism
Fo—G,. O

Remark 3.7. Note that Lemma 3.6 holds in more generality for any triangulated category
and any additive left exact functor F' such that R'F (&) = 0 for i > 0, and the equivalence
of categories applies to any full strong exceptional collection of line bundles on a toric
variety. In particular, while general free monads are not sent to projective monads under
the functor (A.4), a similar uniqueness theorem holds for free monads consisting of the
summands of £ ® Ox(—d) for any d € Pic X. We will show that if d € reg(M) then
both the Fourier-Mukai transform of M and the minimal free resolution of M. >d satisfy
this condition.

4. A criterion for multigraded regularity

To investigate the relationship between multigraded regularity and resolutions of trun-
cations we first need to establish a definition of linearity for a multigraded resolution.
We would like the differentials to be given by matrices with entries of total degree at
most 1. However, we will examine only the twists in the resolution, requiring that they lie
in the L regions from Section 2.1. In particular, we will identify a complex with adjacent
terms differing in degree by more than one as nonlinear even if the map between these
terms is zero.

Definition 4.1. Let F, be a Z"-graded free resolution. We say F, is linear if Fy is generated
in a single multidegree d and the twists appearing in F; lie in L;(—d).

We require Fjy to be generated in a single degree so that the truncation of a module
with a linear resolution also has a linear resolution (see Proposition 4.5). Otherwise, for
instance, the minimal free resolution of M in the following example would be considered
linear, yet the free resolution of its truncation M (1 o) would not.

Example 4.2. Write S = k[xo,z1,%0,%1] for the Cox ring of P! x P! and let M be
the module with resolution S(0,—1)?2 @ S(—1,0)? + S(—1,—1)* + 0 given by the

presentation matrix
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o T 0 0

0 0 T Zo

-y 0 -y 0

0 —»n 0 —-um

A Macaulay2 computation shows that M is (1,0)-regular. However, the minimal graded
free resolution of the truncation My ) is

0 «— S(-1,0)2 +— S(-2,-1)2 +—— 0
which is not linear because (—2,—1) ¢ L1(—1,0).

This example shows that a module can be d-regular yet have a nonlinear resolution
for M>q. Thus in order to characterize regularity in terms of truncations we need to
weaken the definition of linearity. We will use the larger @ regions from Section 2.1 in
order to allow some maps of higher degree.

Definition 4.3. Let F, be a Z"-graded free resolution. We say F, is quasilinear if Fj is
generated in a single multidegree d and for each j the twists in F; lie in Q;(—d).

Example 4.4. Unlike on a single projective space, the resolution of S/B for the irrelevant
ideal B on a product of projective spaces is not linear. However it is quasilinear. On
P! x P2, for instance, S/B has resolution

S(_la _2)6 S(_17 _3)2
0— S +— S(—1,-1)% «+— ® — ® +— §(=2,-3) «— 0,
S(=2,-1)3 S(—2,-2)3

which has generators in degree (0,0) and relations in degree (1,1). Thus the resolution
is not linear, since (—1,—1) ¢ L,(0,0). However (—1,—1) € Q1(0,0) is compatible with
quasilinearity.

This condition is inspired by [9, Thm. 2.9], which characterized regularity in terms
of the existence of virtual resolutions with Betti numbers similar to those of S/B—see
Section 4.2 for a more complete discussion. Note that both linearity and quasilinearity
reduce to the standard definition of linearity on a single projective space. As one might
expect from that setting, they satisfy the property below, which will be proven as a
corollary of Theorems 5.4 and 5.5 in Section 5.1.

Proposition 4.5. Let M be a Z"-graded S-module. If M>q has a linear (respectively quasi-
linear) resolution and d’ > d then M>qs has a linear (respectively quasilinear) resolution.

A linear resolution for Msq implies that M is d-regular when H%(M) = 0. To ob-
tain a converse that generalizes Eisenbud-Goto’s result one should instead check that
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the resolution is quasilinear. This gives a criterion for regularity that does not require
computing cohomology.

Theorem 4.6. Let M be a finitely generated Z"-graded S-module such that HY%(M) = 0.
Then M is d-regular if and only if the minimal free resolution Fy of M>q s quasilinear
and Fy is generated in degree d.

We prove one direction of Theorem 4.6 in Section 4.1 (Theorem 4.9) and the other in
Section 4.2 (Theorem 4.15). The two directions are illustrated in the following example,
which verifies regularity or non-regularity of a module by computing a single minimal
free resolution for the truncation at a given degree and checking if it is quasilinear.

Example 4.7. A smooth hyperelliptic curve of genus 4 can be embedded into P! x P? as
a curve of degree (2,8). An example of such a curve is given explicitly in [9, Ex. 1.4] as
the B-saturation I of the ideal

<x§y3 + 21y} + 20193, 5582/2 + 23 (yo + y1)> .

Using Theorem 4.9 it is relatively easy to check that S/I is not (2, 1)-regular: the minimal
free resolution of (S/I)>(2,1) is

S(—2,-2)10 S(-2,-3)3
®
0+— S(-2,-1)? «+—— 5(-2,-3)? <— 5(-3,-2)% «— §(-3,-3)2 +—— 0
® ®
S(—3,-1)7 S(—3,-3)3

which is not quasilinear because (—2, —3) ¢ Q1(—2,—1). Meanwhile, S/I is (2, 2)-regular
by Theorem 4.15 because the minimal free resolution of (/1) (2,2) is quasilinear:

S(—2,-3)% S(—2,-4)°
0 +— S(72,72)17 — @ — ® +— S(-3, 74)7 +— 0.
5(737 72)15 S(f?’v 73)22

Note that (2,2)-regularity also follows from [9, Thm. 2.9] and [9, Ex. 2.3], which con-
structs a quasilinear virtual resolution for S/I using a Fourier—Mukai transform. In fact,
since all twists are line bundles on P! x P? in the range (—2, —2) to (=2, —2) + (-1, —2),
by Theorem 3.5 the two complexes are isomorphic.

4.1. Regularity implies quasilinearity

In Proposition 3.2 we constructed a virtual resolution with Betti numbers determined
by the sheaf cohomology of M ® Q3.(a). By resolving the sheaves Q3. (a) in terms of
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line bundles and tensoring with M , we can relate the cohomological vanishing in the
definition of multigraded regularity to the shape of this virtual resolution. The following
lemma implies that when M is d-regular the virtual resolution is quasilinear, i.e., the
coefficients of twists outside of Q;(—d) are zero. The lemma is a variant of [9, Lem. 2.13]
(see Section 4.2).

Lemma 4.8. If a Z"-graded S-module M is O-regular then H‘a"i(P“,M® MB.(a)=0
for all —a ¢ Q;(0) and all i > 0.

Proof. Fixianda € Z" with —a ¢ Q;(0), and suppose that H/2l=1(P® M®Qa, (a)) # 0.
We will show that M is not O-regular. We must have 0 < a < n, else Q3.(a) = 0. Let £
be the number of nonzero coordinates in a.

A tensor product of locally free resolutions for the factors m}(Qph,) gives a locally
free resolution for Q3. (a). Since Q?Pni = Opn; we can use r — £ copies of Opn and ¢
linear resolutions, each generated in total degree 1, to obtain such a resolution F, (see
Section 2.3). Thus the twists in F; have nonpositive coordinates and total degree —j —¢,
so they are in L;;,(0).

Since F, is locally free the cokernel of M ® Fo is isomorphic to M® 28.(a). By
a standard spectral sequence argument, explained in the proof of Theorem 4.15, the
nonvanishing of H|a|_i(IPn,JT/f ® Q8. (a)) implies the existence of some j such that
Hlal=i+i (P M @ F;) # 0.

If i = 0 then

la| —i+j>l—it+j=j+L

If ¢ > 0 then a — 1 has £ nonnegative coordinates that sum to |a|—¢. Thus |a|—¢ > i—1,
since —a ¢ Q;(0) = L;_1(—1) (see Remark 2.2). This also gives

la|—i+5j>U+0)—i+5j=4+¢,

so in either case L;j1¢(0) C Lja|—i+;(0). Therefore H 2=+ (Pn, M@]—'j) # 0 for F; with
twists in L;j1¢(0) implies that M is not O-regular. O

See [19, Thm. 5.5] for a similar result relating Hoffman and Wang’s definition of
regularity [36] to a different cohomology vanishing for M Q2. (a). A stronger version
of their definition, requiring vanishing in multiple local cohomology modules, is also
equivalent to a statement about Betti numbers [36, Thm. 4.10].

Motivated by the quasilinearity of the virtual resolution in Proposition 3.2, we will
prove that the d-regularity of M implies that the minimal free resolution of M>q is
quasilinear. Let K be the Koszul complex from Section 2.3 and CP (B, —) the Cech
complex as in Section 2.2. We will use the spectral sequence of a double complex with
rows from subcomplexes of K and columns given by Cech complexes in order to relate
the Betti numbers of M>q to the sheaf cohomology of M ® 0. (a).
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Theorem 4.9. Let M be a finitely generated 7" -graded S-module such that HS(M)q = 0.
If M is d-regular then M>q has a quasilinear free resolution Fy with Fy generated in
degree d.

Proof. Without loss of generality we may assume that d = 0 and M = M>o (see
Lemma 2.9).

Let F, be the minimal free resolution of M. We will show that the degree a Betti
numbers of F, in homological index j are given by hl2l=7(P®, M® 02.(a)) (i.e., that F,
has the same Betti numbers as the free monad G, from Proposition 3.2). Since M is 0-
regular the vanishing of these cohomology groups results in a quasilinear free resolution
by Lemma 4.8, and [42, Thm. 5.4] forces Fj to be generated in degree 0. (In fact this is
enough to show that Fy and G, are isomorphic, as we will do in Corollary 4.10.)

Fix a degree a € Z". Construct a double complex E** by taking the Cech complex
of each term in M ® K= and including the Cech complex of M ® Q%n as an additional
column. Index E** so that

la]+1—s

Ct (B, M ® K2 ) if >0,
Crt B,M®Qan) if s = 0.

Es,t —

We will compare the vertical and horizontal spectral sequences of E**® in degree a. By
Lemma 2.10 and the fact that K= is locally free, the sheafification of the 0-th row E*9
is exact. Thus by Lemma 2.8 the rows of E**® are exact for ¢ # 0.

q t t ¢
(C*(B,M@0fn) +» C*(B,M @KLY » C*(B,M@KGY ) + -+ » CX(B,M @ K5
3 T 0 0 T
[CHB,M®@0pa) » CY(BLM@® KL +» CH(B,M @K ) » -+ » CH(B,M ® K;)

la| la|—1

T T T T

<a
la|

<a

M@0 —— MK 1

—>M®K‘

Since the elements of M have degrees > 0, the elements of degree a in M ® K, come
from elements of degree < a in K,. Thus by Lemma 2.10 the homology of M @ K+2 in
degree a is the same as that of M ® K,. Hence the cohomology of the 0-th row E*? in
degree a computes the degree a Betti numbers of F}; for 0 < j < |a], i.e., for s > 0,

H*(E*%)q = Torfy 11 (M, K)a. (4.1)

The vertical cohomology of E** gives the local cohomology of the terms of M ® Ks®
along with M ®Q]‘§n. Consider the degree a part of this double complex. The cohomology
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coming from M ® K+* has summands of the form Hi(M(—=b))a = Hi(M)a_p where
b < a. These vanish because M is 0-regular, except possibly H%(M)o which vanishes
by hypothesis, so the only nonzero terms come from M ® Qa,.

Since K.§a is a resolution of k in degrees < a, there are no elements of degree a in
M® Q%n. Hence, using (2.1),

Hy (M@ 0pn) = H® (P", M @ Qpa(a)) .

a

Therefore the cohomology of the 0-th column E®*® in degree a is
HY(E"), = H5(M ® 034)a = HH(P™, M @ O3.(a)) (4.2)

for ¢ > 0 (i.e., the Betti numbers of G, indexed differently).

Since both spectral sequences of the double complex E*® converge after the first page,
their total complexes agree in degree a, so by equating the dimensions of (4.1) and (4.2)
in total degree |a| + 1 — j we get

dimyg, Tor? (M, k), = dimy, H12/7(P?, M @ Q3. (a)) (4.3)

for |a|] > j > 0. When j > |a], the left hand side vanishes by minimality of F,, and when
a has Qf. = 0 the argument above still holds. Hence F, is quasilinear by Lemma 4.8
and Fj is generated in degree 0 by [42, Thm. 5.4], as desired. O

The proof of Theorem 4.9 implies that when M is d-regular the minimal free reso-
lution F, of M>q has the same Betti numbers as the virtual resolution G, constructed
in Proposition 3.2. The following corollary shows that they are in fact isomorphic. In
other words, the minimal free resolution of M>q(d) is composed of the terms of the
Beilinson spectral sequence for M(d), giving a concrete construction of the abstractly
defined virtual resolutions used in [9, Thm. 2.9] to witness the regularity of M(d) (see
Example 4.7).

Corollary 4.10. The complezes Fy and G4 in the proof of Theorem 4.9 are isomorphic.

Proof. From Proposition 3.2 and the fact that 3. is nonzero only for 0 < a < n it
follows that G, is a virtual resolution with no unit maps consisting of twists S(—a) with
0 < a < n. Therefore the isomorphism follows from Theorem 3.5. O

To check that a module M is d-regular directly from Definition 2.3 using local co-
homology, condition (2) requires one to show that H%(M)p vanishes for all i > 0 and
all p € U|>\|:i (d—Xey—---—Ae.+IN") with A\ € IN". The proof of Theorem 4.9,
when combined with Theorem 4.6 and Lemma 4.8, shows that on a product of projective
spaces the full strength of this condition is unnecessary. In particular, one only needs to
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consider A\; with \; <n; + 1. See [11, Prop. 2.5] for a similar statement on a product of
two projective spaces using the definition from [306].

Proposition 4.11. Let M be a finitely generated Z." -graded S-module. If

(1) HY(M)p =0 for all p > d, and
(2) H5(M)p =0 for alli >0 and all p € |J(d — Y] \je; + N") with the union taken
over all A € IN" such that 0 < X\; <n; +1 and |\ =1,

then M is d-regular.

Proof. The only difference between (2) above and condition (2) in Definition 2.3 is the
restriction to A\; < n; + 1. By the proof of Theorem 4.9, if H%(M)q = 0 and M satisfies
the hypotheses of Proposition 3.2 and Lemma 4.8 then M has a quasilinear resolution
generated in degree d and is thus d-regular by Theorem 4.6. In the proof of Lemma 4.8 it
is sufficient for the cohomology of M (d) to vanish in degrees appearing in the resolution
of some 3. (a), which excludes those with coordinates not <n+1. O

Example 4.12. On P! x P! x P!, to show that a module M is O-regular using Definition 2.3
one must check that H3(M)p = 0 for p in the region with minimal elements

(=3,0,0), (=2,-1,0),(=2,0,—1),...,(0,—3,0), ..., (0,0, —3).

However, Proposition 4.11 implies that a smaller region is sufficient. For instance, we need
not check that H3 (M), = 0 for p equal to each of (=3,0,0), (0,—3,0), and (0,0, —3).

Remark 4.13. One may also deduce Proposition 4.11 from the proofs in [9] without the
hypothesis that H%(M)q = 0.

4.2. Quasilinearity implies regularity

We will now prove the reverse implication of Theorem 4.6, namely that if M>q has a
quasilinear free resolution generated in degree d then M is d-regular. We use a hyperco-
homology spectral sequence argument, which relates the local cohomology of M to the
local cohomology of the terms in a resolution for M>g4.

The following lemma will show that entire diagonals in our spectral sequence vanish
when the resolution is quasilinear. Thus the local cohomology modules H5(M) to which
the diagonals converge also vanish in the same degrees.

Lemma 4.14. Ifi,j € N then H?Hl(S)aer =0 for alla € L;(0) and all b € Q,(0).
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Proof. Note that L;(0)+Q;(0) = L;(0)+L;_1(—1) = L;;;—1(—1) as sets. We also have
HY%(S) = HE(S) = 0, so it suffices to show that HE™(S)e = H* (P™, Opn(c)) = 0 for
k>1and cé€ Lp_1(-1).

The cohomology of Opn is given by the Kiinneth formula. Fix a nonempty set of
indices J C {1,...,r} and consider the term

&) H™ (B9, 0pns (d)) | ® | Q) H® (P77, Oprs (d))) |

JjeJ j¢J

which contributes to H* (P®, Opx(c)) for k = > jes M- It will be nonzero if and only if
dj <-nj—1forjeJandd; >0forj¢J. If c € Ly_1(—1) then

02—1—/\1e1—~~—/\re7~

for some A; with > A; =k —1= -1+ 3", ;n;. It is not possible for the right side to
have components < —n; — 1 for all j € J. Since all cohomology of Opn arises in this
way, the lemma follows. O

In [9, Thm. 2.9] Berkesch, Erman, and Smith show for M with HS(M) = HL(M) =0
that M is d-regular if and only if M has a virtual resolution F, so that the degrees of the
generators of F'(d), are at most those appearing in the minimal free resolution of S/B.
This Betti number condition is stronger than quasilinearity, but the additional strength
is not used in their proof, so the existence of such a virtual resolution is equivalent to
the existence of a quasilinear one.

Since a resolution of M>q is a type of virtual resolution, the reverse implication of
Theorem 4.6 mostly reduces to this result. We present a modified proof for completeness.
In particular, we do not need to require Hp (M) = 0 because we have more information
about the cokernel of our resolution.

From this perspective Theorem 4.6 says that the regularity of M is determined not
only by the Betti numbers of its virtual resolutions, but by the Betti numbers of only
those virtual resolutions that are actually minimal free resolutions of truncations of M.
Thus we provide an explicit method for checking whether M is d-regular.

Theorem 4.15. Let M be a finitely generated Z." -graded S-module such that H%(M) = 0.
If M>q has a quasilinear free resolution Fo with Fy generated in degree d, then M is
d-regular.

Proof. Without loss of generality we may assume that d = 0 and M = M>o (see
Lemma 2.9).

Let F, be a quasilinear minimal free resolution of M, so that the twists of F}; are in
Q;(0). Then the spectral sequence of the double complex E** with terms



J. Bruce et al. / Advances in Mathematics 500 (2026) 111049 23

E*t = CYB,F_,)

converges to the cohomology H% (M) of M in total degree i. The first page of the
vertical spectral sequence has terms Hb(F_;), so H]i;j (Fj)a = 0 for all j (i.e., for all
(s,t) = (—j,i+ 7)) implies H5 (M), = 0.

Therefore it suffices to show that Hjy” (S(b))a = 0 for i > 1 and all a € L;_1(0) and
b € Q;(0), as is done in Lemma 4.14. O

5. Multigraded regularity and Betti numbers

Unlike in the single graded setting, it is possible for two multigraded modules to have
the same multigraded Betti numbers but different multigraded regularities.

Example 5.1. Let M be the module on P! x P! with resolution
S(—=1,02 @ S(0, 1) + S(=1,-1)* +0

given in Example 4.2. Computation shows that M is (1,0)-regular but not (0, 1)-regular.
Notice that all of the twists appearing in the minimal free resolution of M are symmetric
with respect to the factors of P! x P'. Hence the cokernel N given by exchanging x and
1 in the presentation matrix has the same multigraded Betti numbers as M. However N
is not (1, 0)-regular because M was not (0, 1)-regular.

Remark 5.2. Example 5.1 answers a question of Botbol and Chardin [3, Ques. 1.2].
5.1. Inner bound from Betti numbers

While the multigraded Betti numbers of a module do not determine its regularity, in
this section we show that they do determine a subset of the regularity. In particular,
the following lemma restricts the possible Betti numbers of a truncation of M given the
Betti numbers of M. Intuitively, it states that the degrees of Betti numbers of M>4 come
from the maximum of d and the degrees of Betti numbers of M, possibly after adding
some linear terms.

Lemma 5.3. Let M be a Z"-graded S-module. If M>q has Torfn,(MZd,]k)b/ # 0 for
some b’ € Z then there exist b < b’ and m < m’ such that TorS (M,Kk)p # 0 and
b’ — c| <m' — m where ¢ = max{b,d}.

Proof. Let 0 < M < Fy < F; < --- be the minimal free resolution of M. Then the
termwise truncation 0 <= M>q < (Fp)>a ¢ (Fi)>a < --- is also exact by Lemma 2.6.
For each i, let G% be a minimal free resolution of (F})>q.
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N
GY Gi G?
N N N
Gy Gp G3
1 1 1
0 <= (Fo)za ¢ (F1)za ¢ (F2)>a +— -
1 1 1
0 0 0

We will see in Corollary 6.3 that S(—b)>4 has a linear resolution for all b € Z". Thus
the G are linear. By taking iterated mapping cones we can construct a free resolution
of M>q with terms

0+ G« NNaGl+« GGG« . (5.1)

Then b’ corresponds to the degree of a generator of some G; with i + j = m’. Since G%
is linear, there is a minimal generator of (F;)>q with degree ¢ such that [b’ —c| = j.

However the generators of (F;)>q have degrees equal to max{b,d} for degrees b of
generators of F;. These correspond to b € Z” such that ToriS(M, k)p # 0. Thus the
lemma holds for m =4, so that m" —m = j = |b’ — c| as desired. O

Lemma 5.3 shows that each Betti number of M>q comes from a Betti number of M
in a predictable way. Note that the process cannot be reversed—mnot all Betti numbers
of M produce minimal Betti numbers of M>q. However, the Betti numbers of M limit
the degrees where a nonlinear truncation could exist. The following theorem identifies
such degrees.

Theorem 5.4. Let M be a Z"-graded S-module. For all A € ()L, (b), the truncation
M>q has a linear resolution generated in degree d, where the intersection is over all m

and all b with TorS (M,k)p # 0.

Proof. We may assume that d = 0. Suppose instead that M>o does not have a linear
resolution generated in degree 0. Then there exist b’ € IN" and m' € Z such that
Tors (Mg, 1k)p # 0 and |b’| > m/.

By Lemma 5.3 there exist b and m so that TorS (M, k), # 0 and [b’ —¢| < m’ —m
where ¢ = max{b,0}. The sum of the positive components of b is

le| =[b'| = b —c|>m' —(m' —m)=m

s0 0 ¢ L,,(b) (see Remark 2.2). O
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An analogous statement to Theorem 5.4 exists for truncations with quasilinear reso-
lutions. By Theorem 4.6 it also gives a subset of the multigraded regularity. We will see
in Section 5.2 that this inner bound is sharp.

Theorem 5.5. Let M be a Z"-graded S-module. For all d € (Qm(b), the truncation
M>q has a quasilinear resolution generated in degree d, where the intersection is over
all m and all b with Tors (M, k), # 0.

Proof. Assume d = 0 and suppose instead that M>q does not have a quasilinear reso-
lution generated in degree 0. If M>¢ is not generated in degree O then some generator
of M has a degree b with a positive coordinate, so that 0 ¢ b + IN" = Qq(b).
Otherwise there exist b’ € IN" and m/ € Z such that Tor,(Mso, k) # 0 and
[b’| > m/+¢ —1 where ¢’ is the number of nonzero coordinates in b’. Thus by Lemma 5.3
there exist b and m so that Tor (M, k), # 0 and [b’ —c| < m’ —m for ¢ = max{b, 0}.
Let ¢ be the number of coordinates for which ¢ differs from ¢’ = max{b,1}. Then
/‘ —

lc |c| + ¢, so the sum of the positive components of b — 1 is

Ic' =1 =|c|+¢—r=b|—|b —c|—r+/
>m +0—=1)—(m' —m)—r+l=m—14+0 —(r—1{).

Note that r» — £ is the number of nonzero coordinates in c. Since b’ > 0 and b’ > b we
have b’ > ¢ > 0, so ¢ > r — £. Hence the right side of the inequality is > m — 1, so
0¢ Ly—1(b—1) =Qnm(b) (see Remark 2.2). O

Corollary 5.6. Let M be a finitely generated Z"-graded S-module. If H%(M) = 0, then

ﬂ m Qi(b) C reg(M).

i€N beB; (M)

We can now prove Proposition 4.5.

Proof of Proposition 4.5. Suppose that M>q has a linear resolution. We will apply The-
orem 5.4 to M>q to show that M>q4s has a linear resolution for d’ > d as desired. We
may assume that the intersection contains all possible terms that could arise from a
linear resolution:

ﬂ ﬂ Li(b)

ieN —beL;(—d)

Note that —b € L;(—d) if and only if d € L;(b). Thus d € L;(b) for all b, so d’
is in the intersection as well. For quasilinear resolutions replace L with @ and apply
Theorem 5.5. O
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Other bounds on the multigraded regularity of a module in terms of its Betti numbers
exist in the literature. For example, Maclagan and Smith use a long exact sequence
argument to bound regularity in [42, Thm. 1.5, Cor. 7.2]. While our theorem has the
added hypothesis that H%(M) = 0, it is often sharper than Maclagan and Smith’s.

Example 5.7. In [42, Ex. 7.6] Maclagan and Smith consider the B-saturated ideal I =
(T1,0 =211, 22,0 =21, 23,0 —T31) (1,0 = 2211, T2,0—2T21, 30— 2231) on P x P x P,
They show that the regularity of S/I is

reg(S/I) = ((1,0,0) + IN*) U ((0,1,0) + IN*) U ((0,0,1) + IN?)
and their bound from the Betti numbers of S/I is

((2,2,1) +IN*) U ((2,1,2) + N*) U ((1,2,2) + N?) C reg(S/1).
However, Corollary 5.6 implies that (1,1, 1)+IN" C reg(S/I), giving a larger inner bound.
5.2. Regularity of complete intersections

As an application of Theorems A and C, in this section we compute the multigraded
regularity of a saturated complete intersection satisfying minor hypotheses on its gener-
ators. To do this we make the bound from Corollary 5.6 explicit in the case of complete
intersections. We then use our characterization of regularity to prove that the resulting
bound is sharp by explicitly constructing truncations outside this region that do not
have quasilinear resolutions.

Lemma 5.8. If b,c € IN" with bj,c; > 0 for all j then Q;11(b+c) C Q;(b) for all i > 0.

Proof. By definition the minimal elements of Q;41(b + c) are of the fomb+c—-1—-v
where v € IN" and |v| = 4. It is enough to show that each b+c—1—v is in Q;(b). Since
|v| =i it has at least one nonzero coordinate, say v;. From this we have

b+c—1-v=(b-1-(v—gj))+(c—ej).

The desired containment follows from the above equality given that |v —e;| =i —1 and
that by assumption ¢ —e; is in N". O

Theorem 5.9. Let I = (f1,...,f.) C B be a saturated complete intersection of codi-
mension ¢ in S, meaning that the f; form a regular sequence of elements from B and
HY%(S/I)=0. Then

reg(S/I) = (Zdegf1> .
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Proof. Write a = >_;_, deg f;. By Theorem 4.6 it suffices to show that (S/I)>q has a
quasilinear resolution generated in degree d if and only if d € Q.(a). We will prove one
direction by showing that Q.(a) is the bound from Corollary 5.6, i.e., that

N [ Qib)=Qcla)

JENbEB; (S/I)

By hypothesis the minimal free resolution F, of S/I is a Koszul complex, so the elements
of B;(S/I) are sums of j choices of deg f;. In particular 5y (S/I) = {0} and 5.(S/I) = {a}.
We have Q.(a) C IN" = Qo(0), so it suffices to show that

Qjy1(deg fi, + -+ +deg fi; +deg fi,,,) € Qj(deg fi, +--- +deg fi,)

forall 0 < j < candall 1 <4 < -+ < 441 < ¢, since each of the other sets in
the intersection can be obtained from @.(a) in this way. Note that since I C B, all
coordinates of each deg f; are positive; therefore the inclusion follows from Lemma 5.8.

Now we need that (S/I)>q does not have a quasilinear resolution if d ¢ Q.(a).
Specifically, we will show that the resolution of (S/I)>q has a c-th syzygy in degree
a’ = max{d,a}. If d ¢ Q.(a) then d ¢ Q.(a’) and thus —a’ ¢ Q.(—d), so this will
complete our argument.

The proof of Lemma 5.3 constructs a possibly nonminimal free resolution (5.1) of
(S/I)>q from resolutions of truncations of the F}. Since (F,)>q has a generator of degree
a’, the minimal free resolution of (S/I)>q will contain a c-th syzygy of degree a’ unless
there is a nonminimal map from the generators G§ of (F.)sq to G& ' @ --- @ GO_,.
Suppose for contradiction that this is true.

The degrees of the summands in GS~*~* have the form max{d, b} + v where b is the
sum of the degrees of ¢ —1 —1 choices of the generators f; and some v € IN" with |v| = i.
In order to have a degree 0 map we need max{d,b} + v = a’ = max{d,a} for some
b and v. Since all coordinates of each deg f; are positive b; + i+ 1 < a; for each j, so
bj +vj # aj. Thus d > b, so d + v = a’, contradicting the fact that d ¢ Q.(a’). O

Note the assumption that H%(S/I) = 0 is automatically satisfied if codim(P) #
codim([]) for all minimal primes P over B. However, based on a number of examples it
seems that a weaker saturation hypothesis may be sufficient.

Example 5.10. Write S = k[zg, 21, %2, Y0, Y1, y2] and consider the saturated complete
intersection I = (zgyo, z1y}) that defines a surface in P? x P2. Then Theorem 5.9 says

reg(S/I) = Q2((2,3)) = ((0,2) + N*) U ((1,1) + IN?) .

An interesting application of Theorem 5.9 concerns complete intersection Calabi—Yau
subvarieties of products of projective spaces, which by definition all satisfy the equality
Si_jdegfi=n+1=(ni+1,....n.+1)[28, §2].
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Corollary 5.11. Let X C P™ be a complete intersection Calabi—Yau variety of codimen-
sion c. If the saturated defining ideal of X is contained in B, then

reg(S/1) = Q. (n+1).
6. Linear truncations

As demonstrated by Example 4.2, in general d-regularity is a weaker condition than
having a linear resolution for M>q. Still, linear truncations have been independently
studied in the literature [24,5].

Our main result in this section is a cohomological vanishing condition that specifies
when M>gq has a linear free resolution. Our arguments largely mimic those for the anal-
ogous statements about quasilinear free resolutions by switching the roles of L and Q.
Indeed, if one cares specifically about linear syzygies then this vanishing condition could
just as easily be taken as the definition of regularity on a product of projective spaces.

Lemma 6.1. Let M be a Z"-graded S-module. If H'(P®, M(b)) =0 for alli >0 and all
b € Q;(0), then HRI=H(P*, M ® Q3. (a)) = 0 for all i > 0 and all —a ¢ L;(0).

Proof. We will modify the argument from Lemma 4.8.

Suppose that —a ¢ L;(0) and H|a|_i(IP“,M® 02.(a)) # 0. Since a > 0 we have
la| > 4. There must exist j such that Hlal=i+7(Pn M ® F;) # 0, where the twists b in
F; have total degree —j — £ for £ the number of nonzero coordinates in a. Each twist has
¢ negative coordinates, so that the positive coordinates of —1 —b sum to j+ ¢ — ¢ = j.
Hence H‘a"”j(IP“,M(b)) # 0 for some b € Lj(—1) = Q;4+1(0) C Qjaj—i4+;(0) with
la| —i+7>0. O

As in our main theorem, the conclusion of this lemma ensures the vanishing of certain
Betti numbers of M>g4.

Theorem 6.2. Let M be a finitely generated 7" -graded S-module with H% (M) = 0. Then
M>q has a linear resolution Fy with Fy generated in degree d if and only if H5 (M), = 0
foralli >0 and all b € Q;—1(d).

Proof. As in the proof of Theorem 4.15, we may assume d = 0. The proof of the forward
implication is analogous to the argument there, switching the roles of L and Q. For the
reverse, notice that the proof of Theorem 4.9 shows that the virtual resolution of M from
Proposition 3.2 has the same Betti numbers as the minimal free resolution of M>g, i.e.,

dimy, Tor§ (Mo, k)a = dimy H279(P?, M @ Q3. (a))

for |a] > j > 0 and both are 0 otherwise. The vanishing of the right hand side for
—a ¢ L;(0), given by Lemma 6.1, then implies that the minimal free resolution of M4
is linear. O
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Corollary 6.3. The minimal free resolution of S(—b)>a is linear for all b,d € Z".

Proof. By adjusting d we may assume that b = 0. Note that S>q = S>q for d' =
max{d,0} € 0+ IN". Thus by Theorem 6.2 and Proposition 4.5 it suffices to show that
HE(S)p =0 for all i > 0 and all b € Q;_1(0), which follows from Lemma 4.14. O

7. Generalizing Eisenbud-Goto

Recall Eisenbud-Goto’s conditions (2) through (4) from the introduction. As we have
seen, these conditions diverge substantially for products of projective spaces. However,
they can each be generalized to give interesting, albeit different, regions inside Pic P™.

If M is a finitely generated Z"-graded S-module, then (2) defines the multigraded
regularity region reg(M) C PicP™ of Maclagan and Smith. On the other hand condition
(3) naturally generalizes to two truncation regions, depending on whether one wishes to
preserve the degree of maps or the equivalence with (2). First, the obvious generalization
gives the linear truncation region:

trunc’ (M) := {d € Z" | M>q has a linear free resolution generated in degree d} .
Second, our characterization of regularity gives the quasilinear truncation region:

trunc® (M) = {d € Z" | M>q4 has a quasilinear free resolution generated in degree d} .

Finally, condition (4) on the Betti numbers of M also naturally generalizes to two Betti
regions, the L-Betti region as in Theorem 5.4 and the Q-Betti region as in Theorem 5

betti®(M) = () (] L betti? = (| Qid

ieNdep; (M) ieINdeg; (M)

Theorem 4.6 now states that reg(M) = trunc?(M) when H%(M) = 0. Moreover,
since all linear resolutions are quasilinear we get trunc”(M) C trunc?(M). Similarly,
since L;(d) C Q;(d), by definition betti” (M) C betti®(M).

Theorem 5.4 shows that the L-Betti region betti” (M) is a subset of the linear trunca-
tion region trunc”(M). Similarly, Theorem 5.5 shows that the Q-Betti region betti® (M)
is a subset of the quasilinear truncation region trunc®(M). We can summarize all of the
above relations in the following highly non-commutative diagram:

bettiL(M) LN truncL(M)

I |

betti®(M) —2"— trunc® (M) === reg(M)

We saw in Section 6 that we can switch the roles of @ and L in the proof of Theo-
rem 4.6 to complete the upper right corner of this diagram. The resulting cohomological
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trunc” (S/T) betti’ (/1) betti?(S/1) tfuan(S/J) = reg(S/I)

Fig. 2. The four regions for Example 4.7 inside Pic (]P1 X ]Pz)‘

characterization of trunc’(M) in Theorem 6.2 is related to the positivity conditions
described in Remark 3.3. We suspect that the reversal of  and L between the Betti
number and cohomological conditions has a deeper explanation in terms of the BGG
correspondence.

We illustrate the four regions above in the following example.

Example 7.1. Let I be the B-saturated ideal in Example 4.7, defining a smooth hyper-
elliptic curve of genus 4 embedded into P! x P? as a curve of degree (2,8). As noted in
[9, Ex. 1.4], using Macaulay2 one finds that the minimal graded free resolution of I is:

S(—3,-1)
® S(-3,-3)3

S(—2,-2) ® S(—3,-5)3
® S(—2,—5)6 )

S —— S(-2,-3)% +—— &> —— 9(-2,-7)2 +— S(-3,-7) «+—— 0.

® S(—1,-7) ®

S(—1,-5)3 ) S(—2,-8)
® S(—1,-8)?

5(0,—8)

From this we can calculate that betti”(S/I) and betti®(S/I) are both equal to (2, 7)+IN2.
These regions, depicted in Fig. 2, can also be computed using 1linearTruncationsBound
and regularityBound from the Macaulay2 package LinearTruncations, which imple-
ment Theorems 5.4 and 5.5, respectively [21].

Further, using the functions linearTruncations and multigradedRegularity from
the package VirtualResolutions [1], we can compute where S/I has a linear or quasilin-
ear truncation inside the box [0, 9]%. We see that the minimal elements of trunc”(S/I) are
(1,5),(2,2), and (5,1). On the other hand the minimal elements of trunc®(S/I)—which
equals reg(S/I) as I is saturated—are (1,5),(2,2), and (4,1).

Remark 7.2. Beyond products of projective spaces, the cones of nef and effective divisors
on an arbitrary smooth projective toric variety no longer coincide in general. While
Maclagan and Smith’s definition of multigraded Castelnuovo-Mumford regularity still
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applies, this divergence necessitates new definitions of linearity for graded complexes and
truncation for graded modules.

Appendix A. Virtual resolutions via Fourier—Mukai transforms

Fourier—-Mukai transforms, the Beilinson spectral sequence, and tilting functors are
tools from derived categories and representation theory which are used in the proofs
of Proposition 3.2 and Theorem 3.5. Here we introduce these concepts and present the
details necessary for constructing the free monad in Proposition 3.2, which is homotopic
to the output of a certain Fourier—Mukai transform, and proving its uniqueness.

A.1. The Fourier—Mukai transform

In this section we introduce a type of geometric functor between derived categories
known as a Fourier-Mukai transform. See [35, §5] for background and further details.
Let X and Y be smooth projective varieties and consider the two projections

. X xY ,
x < TSy

Given an object K € DP(X x Y), the associated Fourier-Mukai transform is a functor

dic: DP(X) — DP(Y)

between the derived categories of bounded complexes of coherent sheaves. It is con-
structed as a composition of derived functors

F = Rp. (Lg*F " K),

and in fact all equivalences between DP(X) and D"(Y) arise in this way. Here Lqg*, Rp,,
and —®YIC are the derived functors induced by ¢*, p,, and —®IC, respectively. Moreover,
since ¢ is flat Lg* is the usual pull-back, and if K is a complex of locally free sheaves
— @ K is the usual tensor product.

A special case of the Fourier-Mukai transform is when Y = X and K € D°(X x X) is
a resolution of the structure sheaf Oa of the diagonal subscheme ¢: A — X x X. Such
K is referred to as a resolution of the diagonal.

Using the projection formula, one can see that the Fourier-Mukai transform ®¢, is
simply the identity in the derived category; that is to say, replacing O with K produces
quasi-isomorphisms.
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A.2. The Beilinson spectral sequence

Returning to the case of products of projective spaces, we consider coherent sheaves
on X = P™. We construct a free monad for M from the Beilinson spectral sequence on
P? x P™ and describe its Betti numbers. When M is O-regular, this free monad is a
virtual resolution, which is used in Section 4. See [45, §3.1] for a geometric exposition
and [35, §8.3] or [2, §3] for an algebraic exposition on a single projective space.

For sheaves F and G on P, denote p*F ® ¢*G by F X G. Consider the vector bundle

W= @opn e) K Tei(—e;),

where T, is the pullback of the tangent bundle 7pr.:, as in the Euler sequence on the
single factor P™::

0 Tpni ot (1) Opni 0.

There is a canonical section s € H?(P™xP™, W) whose vanishing cuts out the diagonal
subscheme A C P™ x P™ (see [9, Lem. 2.1]), giving a Koszul resolution of On:

K:0+—— O]P“XIP“ WV /\QW\/ — ... ¢ /\nW\/ ¢ 0.

The terms of K can be written as

-N (éom-ez EREN ) D Opn(-a)BOfu(a), for0<j<n|
=1

la|=3

(A1)

As in Section A.1, we are interested in the derived pushforward of q*]\7 ® K, which we
will compute by resolving the second term of each box product with a Cech complex to
obtain a spectral sequence. Since I is a resolution of the diagonal, the pushforward will
be quasi-isomorphic to M.

Consider the double complex

Cc5t = @ Opn(— ‘zct(ﬂBaM(gQ]P“( ))

laj=s

with vertical maps from the Cech complexes and horizontal maps from K. Since taking
Cech complexes is functorial and exact we have Tot(C) ~ q*M ® K, which is a resolution
of q*M RO because K is locally free. Moreover, since the first term of each box product
in q*M ® K is locally free, the columns of C are p.-acyclic (cf. [30, Prop. 3.2], [2,
Lem. 3.2]). Hence the pushforward



J. Bruce et al. / Advances in Mathematics 500 (2026) 111049 33

EO—s7t — p(C—51) = @ Opn(—a)®T (IP’HC”S (L(B,M(X) 9} (a))) (A.2)

|la|=s

satisfies Tot(Ey) = <I>;C(]\7) ~ M. With this notation, the Beilinson spectral sequence is
the spectral sequence of the double complex Ej, whose first page after taking homology
vertically has terms

E;* = @D Opn(-a) @ H (]P“, M® 08, (a)) =R'p.(¢*M © Ky). (A.3)

la]=s

Beilinson’s resolution of the diagonal and the associated spectral sequence are crucial
ingredients in constructions of Beilinson monads, Tate resolutions, and virtual resolu-
tions [25,24,9]. Recently, Brown and Erman [7] expanded these constructions to toric
varieties using a noncommutative analogue of a Fourier-Mukai transform. More gen-
erally, Costa and Mir6-Roig [19] have considered Beilinson-type spectral sequences for
smooth projective varieties under certain conditions on the derived category.

A.83. Beilinson’s collection and its endomorphism algebra

An important property of the Beilinson spectral sequence is that only the line bundles
Opn(—a) for 0 < a < n appear in (A.3). In particular, these line bundles form a
full strong exceptional collection for DP(IP™) [38, Def. 4.1], which induces an explicit
equivalence, due to Bondal, between Db(IP“) and the derived category of right modules
over the path algebra of a bound quiver. This section briefly introduces this well-known
equivalence, which is used in Section 3 to prove uniqueness of certain virtual resolutions.
For a detailed account of the representation theory of finite-dimensional algebras, see
[13,14,23].

A quiver @ is a directed graph, allowing loops or repeated arrows. A path in @ is a
sequence of arrows with compatible heads and tails. The path algebra of ), denoted k@),
is a graded associative algebra which has a canonical k-basis consisting of a monomial
for each path in Q. We define the composition of two paths as their concatenation if
defined and 0 otherwise, and extend linearly over k to form the path algebra.

While k@ is typically not commutative, if the quiver is finite and has no cycles then
k@ is finite-dimensional. The indecomposable projective k@-modules are summands
P, = ¢,kQ of k@ containing the monomials? corresponding to paths starting at a
vertex v. This implies that maps of projective k@-modules can be written as graded
matrices with entries in kQ).

2 The monomial e, € Ag is the idempotent corresponding to a path of length zero at each vertex v,
which is not considered a loop. In particular, the identity element 1 € A is the sum of these orthogonal
idempotents.
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Example A.1. Consider the following quiver with four vertices and eight arrows:

Z0o

[ ] 3 [ ]
1
ﬂoum youm
To
[ ] [ ]

—

Z1

As an example, the monomial zoy; € kQ corresponds to the path e =% e Yy e and
the morphisms between the indecomposable projective k@-modules for the source and
sink vertices can be written as 1 x 1 matrices with coefficients ¢; in k:

(cozoyo + c1zoyr + C221Yo + c3T1Y1 + CaYoTo + C5YoZ1 + CY1To + CrY1T1) -

An important result from representation theory states that the derived category of
right modules over any finite-dimensional k-algebra A is equivalent to the derived cate-
gory of right modules over the path algebra of a bound quiver, meaning there is a quiver
Q@ and a set of relations R C k@ such that k@Q/R is Morita equivalent to A [23, §3].

Returning to our setting, consider the direct sum of line bundles £ = @_, O(—a) and
its endomorphism algebra A = End (&). In this situation, A =2 kQ/R is the path algebra
of a bound quiver with vertices corresponding to summands of £ and paths corresponding
to homomorphisms between them, subject to commutativity relations indicating which
compositions of arrows agree as homomorphisms of the line bundles.

Example A.2. On X = P! x P! the algebra End(Ox @® Ox(—1,0) @ Ox(0,-1) &
Ox(—1,-1)) is the path algebra for the bound quiver (@, R) consisting of the quiver Q
from Example A.1 subject to commutativity relations R given by x;y; = y;Z;, for i,j €
{0,1}. The notation Z is used to distinguish the pairs of distinct arrows corresponding
to multiplication by x; and y;. Hence the morphisms between indecomposable projective
A-modules corresponding to the source vertex Ox(—1,—1) and sink vertex Ox can be
written using only four monomials:

(cozoyo + c1zoy1 + caT1Yo + 311 ) -

In [14, Thm. 6.2], Bondal showed that when the summands of £ form a full strong
exceptional collection, the functor

RHom(&,—): DP(X) — DP(mod—A), (A.4)

is an equivalence of categories. By a direct computation present in the proof of [14,
Thm. 6.2], this functor sends the bundles O(—a) to projective modules P, for 0 < a < n.
Moreover, minimality of the maps is preserved, in the sense that a non-constant map
O(—a) < O(—Db) is sent to the map ey, A + epA corresponding to the monomial for
the path beginning at vertex b and ending at vertex a. Composing with the reverse
equivalence — @ £ gives the identity on these objects by the proof of [38, Thm. 2.1].
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