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Graded rings

Definition
A commutative unital ring R is called a graded ring if it can be

written as a direct sum of subgroups

R=(PR suchthat RR;C Ry, Vi,j 0.

i~0

Elements of R; are called homogeneous elements of degree .



Graded rings

Definition
A commutative unital ring R is called a graded ring if it can be
written as a direct sum of subgroups

R=(PR suchthat RR;C Ry, Vi,j 0.
i20
Elements of R; are called homogeneous elements of degree .
Example

» polynomial rings in several variables R = F[xi, ..., Xn], Ri is
the set of all homogeneous polynomials of degree i.

» the blowup (Rees) algebra R(/) = P ., I of any ideal I.

>0



Graded Modules

Definition
A module M over a graded ring R is called a graded module if it
can be written as a direct sum of subgroups

M=(PM suchthat RiM C M, Vi,j> 0.
>0



Graded Modules

Definition
A module M over a graded ring R is called a graded module if it
can be written as a direct sum of subgroups

M=(PM suchthat RiM C M, Vi,j> 0.
>0

Example
If R is a graded ring and I is a homogeneous ideal then the ideal |
as well as the quotient ring R/I are graded R-modules.



Hilbert Function

From now
> R - F[X1,...,Xn]
» M afinitely generated graded R-module.

Definition
The Hilbert function of a graded R-module M is given by

HM N > N, HM(i) = dimF(M,-).



Hilbert Function

From now
> R - F[X1,...,Xn]
» M afinitely generated graded R-module.

Definition
The Hilbert function of a graded R-module M is given by

HM N > N, HM(i) = dimF(M,-).

Example/Exercise (Polynomial ring)
For M = R = F[x,...,Xs] , we have Hy(i) = (’”."_1).

1



Hilbert Function Example

Example

I=(x%y,x?y*) € R = F[x,y]

i |01 2 3 45 6 7 8 9 10 11 12
H({ |0 0 0 0 1 2 4 5 6 7 8 9 10
Hay() [1 2 3 4 4 4 3 3 3 3 3 3 3




Hilbert Function Example

Example
I=(x%,x*y*) € R =Fx,y]

i |01 2 3 45 6 7 8 9 10 11 12
H({ |0 0 0 0 1 2 4 5 6 7 8 9 10
Ha() |1 2 3 4 4 4 3 3 3 3 3 3 3

Patterns ?



Hilbert Function Example

Example
I'= (%, x?y*) € R = F[x,y]

i 0O 1 2 3 4 5 6 7 8 9 10 11 12

H() |o o 0 0 1 2 4 5 6 7 8 9 10

Hgpy() |1 2 3 4 4 4 3 3 3 3 3 3 3
Patterns ?

> H(i) grows linearly for i > 0: Hy(i) =i — 2 for i > 6.

> Hg/ (i) eventually constant for i > 0: Hg,(i) = 3 for i > 6.



Hilbert Series

Definition
The Hilbert series of a graded module M is the generating
function

HSw(t) = > Hu(i)t"

i>0

Example (Polynomial ring)

For M = R = F[xy,..., Xy, we have HSy(t) = (1_10”.




Hilbert Series Example

Example

If R = F[x1,...,Xn], then HSg(t) = (1—1t)”'




Hilbert Series Example

Example
If R = F[x1,...,Xn], then HSg(t) = (1—1t)”'
Proof:

HSR(t) — (L)@

1-t
ZdimF(Ri)ti = 1+t+2+-- 2+ Ve
i>0
dimg(R)) = #l(at.ae,....an) a1+ @+ -+ar=i}e

dime(Ri) = #{x¥'x5?---x7" € R} va



Enter Hilbert

Figure: David Hilbert (1862-1943)



Hilbert-Serre Theorem

Theorem (Hilbert-Serre)

If M is a finitely generated graded module over the polynomial ring
R = F[x1,...,Xpn| then

p(t) — for some p(t) € Z[t].



Hilbert-Serre Theorem

Theorem (Hilbert-Serre)

If M is a finitely generated graded module over the polynomial ring
R = F[x1,...,Xpn| then

HSm(t) = % for some p(t) € Z[t].

In reduced form one can write HSy(t) = q (t; for unique

» h-polynomial h = hy + hit + ... + hst® € Z[t] with h(1) # 0;
ho, hi, ..., hs is called the h-vector of M

» deN, 0 < d < ncalled the Krull dimension of M.



Hilbert-Serre Theorem

Theorem (Hilbert-Serre)

If M is a finitely generated graded module over the polynomial ring
R = F[x1,...,Xpn| then

HSm(t) = % for some p(t) € Z[t].

In reduced form one can write HSy(t) = q (t; for unique

» h-polynomial h = hy + hit + ... + hst® € Z[t] with h(1) # 0;
ho, hi, ..., hs is called the h-vector of M

» deN, 0 < d < ncalled the Krull dimension of M.

Corollary (Hilbert)

The Hilbert function of M is eventually given by a polynomial
function of degree equal to d — 1 called the Hilbert polynomial.



Properties of Hilbert Series

Proposition

1. Additivity in short exact sequences: if
0 - A - B — C — 0is ashort exact sequence of graded
modules and maps then

HSg(t) = HSa(t) + HSc(1).

2. Sensitivity to regular elements: if M is a graded module
and f e Ry, d > 1, is a non zero-divisor on M then

HSmym(t) = (1 - td)HSM(T).



Hilbert Series Example
Example

For R = F[x, y, z] let's compute the Hilbert Series for
M=R/X®+y?+22.x3+y*+ 22 x* +y* + 7%
fy f f3




Hilbert Series Example
Example

For R = F[x, y, z] let's compute the Hilbert Series for
M=R/X®+y?+22.x3+y*+ 22 x* +y* + 7%
f f fs

> f; is a non zero-divisor on R, thus HSg/1,)(t) = (1 — t*)HSg(t)



Hilbert Series Example
Example
For R = F[x, y, z] let's compute the Hilbert Series for
M=R/X®+y?+22.x3+y*+ 22 x* +y* + 7%
fi fo f

> f; is a non zero-divisor on R, thus HSg/1,)(t) = (1 — t*)HSg(t)

» f, is a non zero-divisor on R/(f;), thus
HSr/(1,.1) (1) = (1 = 2)HSg1,)(t) = (1 = t°)(1 - t*)HSR(1)

» f3is a non zero-divisor on R/(fi, ), thus

HSR/(h i) (1) = (1=t HSR (1) (1) = (1 = t*)(1 = 2)(1 - ?)HSR ()
(1-tH(1 -13)(1 - 13)
(1-1)3

= 543545t +6t2+52+3t+1.



Classification of Hilbert functions

Figure: F. Macaulay (1862-1937) and R. Stanley.



Classification Problem

Question
What are all the possible Hilbert functions or Hilbert series or
h-vectors of (cyclic) graded modules satisfying a given property?



Classification Problem

Question
What are all the possible Hilbert functions or Hilbert series or

h-vectors of (cyclic) graded modules satisfying a given property?

Property of M = R/I \ Description of Hy \ Reference

Arbitrary “admissible” Macaulay
(a combinatorial condition)

s _d; .
Complete intersection | HSy(t) = % the audience

Gorenstein the h-vector must be symmetric | Stanley




Geometric Classification Problem

Question
What are all the possible Hilbert functions of cyclic graded
domains R/P?




Geometric Classification Problem

Question
What are all the possible Hilbert functions of cyclic graded
domains R/P?

» R/P is a domain iff P is a prime ideal
» the vanishing set of a prime ideal P,

V(P) = {(a1,...,an) € F"(or P"") | f(ay,...,an) = 0,Vf € P}
is an irreducible algebraic variety




Geometric Classification Problem

Question
What are all the possible Hilbert functions of cyclic graded
domains R/P?

» R/P is a domain iff P is a prime ideal
» the vanishing set of a prime ideal P,

V(P) = {(a1,...,an) € F"(or P"") | f(ay,...,an) = 0,Vf € P}
is an irreducible algebraic variety

Figure: An algebraic variety V(x? + y? — z?).



Bertini’s Theorem

Theorem (Bertini)

Let R/P be a Cohen-Macaulay' domain of Krull dimension at least
three over an infinite field F. Then there exists f € Ry such that
R/P + (f) is also a domain.

HnX regular

Figure: An illustration of Bertini’s theorem.

'a technical condition which allows for induction on the Krull dimension.



Reduction to the case of curves

Corollary (Stanley)

Let R/P be a Cohen-Macaulay graded domain of dimension
greater or equal than two. Then the h-vector of R/P is also the
h-vector of a Cohen-Macaulay graded domain of Krull dimension
two (that is, the homogeneous coordinate ring of an irreducible
projective curve).

/’d—\‘\‘v
D
Figure: An algebraic variety V(x? + y? — z?) of Krull dimension two in

affine space and in projective space.




Further reduction to points with UPP

Theorem (Harris)

Let P be a prime ideal such that the Krull dimension of R/P is 2.
Then there exists f € Ry (a hyperplane) such that V(P + (f)) (the
hyperplane section) is a set ' of d points such that for every subset
" C T of d points and for every i > 0 we have

Hir(iy = min{d’, Hy (i)}.
Definition

A set I of points satisfying the condition above is said to have the
uniform position property (UPP).



UPP Example
Example/Exercise

h-vector 1 2 2 1 (complete intersection
on a conic)
This has UPP.

———o— h-vector 1 22 1 (complete intersection)

——eo—o— This has CB but not UPP.

L4 g h-vector 1221

* - » » This has neither CB nor UPP.

Figure: Six points on a conic in P? and the UPP.



Partial classification

Question (Reformulation of Classification Question)

What are all the possible Hilbert functions of points in P" satisfying
the uniform position property?



Partial classification

Question (Reformulation of Classification Question)

What are all the possible Hilbert functions of points in P" satisfying
the uniform position property?

There is a partial answer in the case n = 2:

Theorem

A finite sequence of natural numbers is the h-vector of R/l, where
V() is a set of points in P? satisfying UPP if and only if

ho = 1, hy = 2 and the h-vector of R/l is admissible and of
decreasing type, meaning if hi;1 < hj then hj 4 < h; for all j > i.



Open Problems

Figure: You ?



The Hilbert function of a generic algebra

Conjecture (Fréberg)

Let Fy,..., F, be homogeneous polynomials of degrees
di,...,dr > 1in a polynomial ring R = F[x1,..., Xn].
If Fy,..., F are chosen “randomly” and | = (Fy,..., F;), then
(-ta
HSR/[(t) _ H171( )

(1-t)"



Stanley’s unimodality conjecture

Conjecture (Stanley)

The h-vector of a graded Cohen-Macaulay domain is unimodal,
i.e. there exists 0 < j < s such that

ho < hy Shg...ShjZ...Zhs_1 > hs.



Points with UPP

Question (Harris)

What are the possible Hilbert functions of points in P", n > 4
satisfying the UPP?



Nagata’s conjecture

An ideal defining a set of fat points is an ideal of the form
m m my
I=1I'NlZn--nly

where I, is the ideal defining a point p; € P".

Conjecture (Nagata)

IfI =157 N o2 n---0 Ig" is an ideal defining r fat points in P" and
d > 0 is an integer such that H(d) > 0 then

M+ mp+-4my

d>
vVn
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