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Definition 1. Throughout this note, R = k[zy,...,x,] will be a polynomial ring over a field
k and I C R a monomial ideal of R generated by some polynomials of the same degree. Let
G(I) = {fi,..., fu} be a minimal generating set of I. Recall that the Rees algebra of I is defined
to be

R(I) = @I" = R[It] = ®I"t" C RY].

Let ¢ : R[T1,...,T,] — R[It] be the surjective homomorphism defined by ¢(T;) = f;t. Then,
R[Ty, ..., T, /kerp = R[It].

The ideal kerp will be called as the defining ideal of Rees algebra of I, and also be called as the

Rees ideal of I. Notice that kery is a prime ideal such that height(kerp) = u — 1.

Once you find the generators of the ideal kery by hand, you can use the command reesIdeal

of the software Macaulay2 to check your answer.

Example 2. Let [ = (1, 25). The defining ideal of R([) is generated by the irreducible element
Tixe — Toxy because o(Tixe — Towy) = x129 — 2221 = 0 and the height of the principal prime ideal

(TllL‘Q — TQJZl) is 1.

Exercise 3. Let [ = (2%, 2115, 22). Find the defining ideal of R(I).

Exercise 4. Let I = (x129, 2323, v321). Find the defining ideal of R([).

Question: What can you say about the biggest differences between the Rees ideals of the two

exercises above?
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Definition 5. Let [ be a square-free monomial ideal generated by degree 2 elements. We can

define an associated simple graph D with the vertex set V = {1,...,n} and the edge set E(D) =
{1, 5} | wiz; € G(I)}-

Example 6. If I = (129, xows, 324, x471), then E(D) = {{1,2},{2,3},{3,4},{4,1}}.

Exercise 7. Draw the graph defined by the ideal I = (x1x9, ox3, T3X4, T4T5, T5Te, TeL1, Tols, T3Lg).

Theorem 8 (Villarreal). Let I be a square-free monomial ideal generated by degree 2 elements.

Then the kerp is generated by the first syzygy and the even closed walk of D.

Example 9. In Example 6, the Rees ideal is
kerp = (iU3T12 — w1153, w4153 — woT34, w1 T34 — w3Ty1, 04T — woTyy, T1oT34 — T23T41)-
Exercise 10. Find the generators of kery where
I = (3311U2,932$37I3$4>I49€5,$5£B6,$6$17$2$5>$35B6)-
Exercise 11. Find the generators of kery where
I = (ZElfL’Q, ToX3, X3y, Xal1,T5Tg, LTy, L7Tg, ZE8$5).

Definition 12. Let I1,...,I; be ideals of R. Then, M = I, & --- & I, is the ideal module defined
by Iy,...,I; . We can define the multi-Rees algebra of Iy & --- & I; as

RM)=R(UI1 & - @ L) = &IM - [ 4% C R[ty, by, 1]
and consider the homomorphism
¢: R{T;} = R(Li®--- 1)

via o(T; ;) = fisti it G(L;) = ({fij})- The kernel, kery, is called the defining ideal of the Rees
algebra of M.
Example 13. Let M = (22, 2y, y*) ® (2%, 2y, y*) be a module in R[x,y]. In Macaulay2, you can

input a matrix to define a module. You can also use the reesIdeal to obtain the generators of

the defining ideal of the Rees algebra of the module.



i1 : R=QQ[x,y];
i2 : m=matrix{{x"2,x*y,y"2,0,0,0},{0,0,0,x"2,x*y,y"2}};
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02 : Matrix R <--—- R
i3 : M=image m;
i4 : K=reesldeal M;
04 : Ideal of R[w , w , W , W , W , W ]
0 1 2 3 4 5

i5 : transpose gens K
o5 = {-1, -3} | yw_4-xw_b |

{-1, -3} | yw_3-xw_4 |

{-1, -3} | yw_1-xw_2 |

{-1, -3} | yw_O-xw_1 |

{-2, -4} | w_4"2-w_3w_5 |

{-2, -4} | w_2w_4-w_1w_5 |

{-2, -4} | w_1lw_4-w_Ow_5 |

{-2, -4} | w_2w_3-w_Ow_5 |

{-2, -4} | w_1w_3-w_Ow_4 |

{-2, -4} | w_1"2-w_Ow_2 |
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o5 : Matrix Rlw , w , w , w , w , w]) <-—- Rlw , w,w,w,w, wl)

0 1 2 3 4 5 0 1 2 3 4 5

Consider instead the matrix,

T Wy W W3 W4
N =

Yy wp W2 wWg Ws

and the associated module L. Then, one can check easily that the Rees ideal of L is generated by

the 2 by 2 minors of the matrix N.

Exercise 14. Let M = (23, 2%y, zy*,v3) @ (22, 2y, y?). Find the generators of the Rees ideal by
hand. Then, check your answer using Macaulay2. With respect to this M, find a matrix N such

that the Rees ideal is generated by the 2 by 2 minors of the matrix N.
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Exercise 15. Let M = (24, 23y, 2%y?, zy3, y*) ® (23, 2%y, 29%, v3) ® (2%, 2y, v?). Find the generators
of the Rees ideal by hand. Then, check your answer using Macaulay2. With respect to this M,

find a matrix NV such that the Rees ideal is generated by the 2 by 2 minors of the matrix N.



